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FOREWORD

I congratulate Carlos Polanco for his experienced and insightful book Exterior
Calculus — Theory and Cases. This work covers profoundly advanced Calculus
for a readership that has acquired the necessary mathematical comprehension to
direct to geometric algebra. It will guide higher level students as well as their
teachers straightforwardly through this topic from Heaviside-Gibbs algebra over
Grassmann algebra to differentiation, integration and fundamental theorems of
Calculus. Despite the complexity of the subject, this book is written in a highly
didactic style, which is reflecting the expertise and the long-term teaching experi-
ence of the author at the Universidad Nacional Auténoma de México.

The presentation of many examples and case studies as well the solution guide
to the chapter exercises at the end of this book will help the readers to deepen
and to inspect their acquired knowledge and to relate the theory to practice. I wish
that Carlos Polanco’s book will become part of many bookshelves and highly
recommend it as a solid and distinctive textbook for advanced courses in Calculus.

Thomas Buhse
Universidad Auténoma del Estado de Morelos
Cuernavaca Morelos, Mexico.



PREFACE

This Exterior Calculus ebook has been designed for third-year students of Sci-
ences, as it contains the fundamentals related to Geometric algebra or Grassmann
algebra oriented to Calculus. Without any doubt, this algebra has important impli-
cations in Science and Engineering. Here, the reader will find a clear presentation
of the Geometric algebra on a plane and in space, as well as the extension of all
its operators in R”. In order to make the comprehension of this important algebra
easier, some examples and completely solved exercises are included.

The ebook thoroughly examines the elements of Geometric algebra G over the
Real field and these operators: inner product, outer product, and geometric prod-
uct, their components, and their geometric representation, as well as their prop-
erties and the rigid transformations on the plane and in space. It also reviews the
differentiation and the integration over Geometric algebra, including the line in-
tegral and surface integral. The Green, Stokes and Gauss theorems are also studied
in detail and the Theorem of Fundamental Calculus is generalized.

The author hopes the reader interested in the study of the fundamentals of Exte-
rior calculus, finds useful the material presented here and that the students that
start studying this field find this information motivating. The author would like
to acknowledge the Faculty of Sciences at Universidad Nacional Auténoma de
Meéxico for support.
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The author declares no conflict of interest regarding the contents of each of the
chapters of this ebook.

CONSENT FOR PUBLICATION
Not applicable.

Carlos Polanco

Faculty of Sciences
Universidad Nacional Auténoma de México
México
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Department of Electromechanical Instrumentation
Instituto Nacional de Cardiologia Ignacio Chéavez
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Part I

Heaviside-Gibbs Algebra



The operators of the *bf Heaviside-Gibbs algebra’ have a major role in Vector Cal-
culus. The next chapter focuses on the definition of the main operators, showing
its usefulness in solving problems in 2-dimensional and 3-dimensional space, and

it also discusses the robustness and limitations of this algebra in n-dimensional
space.
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CHAPTER 1

Vector Algebra on R? and R?

Abstract In this chapter, we introduce the main operators of Heaviside-Gibbs al-
gebra: addition, subtraction, norm of vectors, as well as inner and cross product.
From the point of view of Vector Calculus, we introduce the line and surface inte-
grals, and the Green’s, Stokes’, and Gauss’ Theorems. The last section discusses
the extension of this algebra in n-dimensional space. The examples are in plane
and space.

Keywords: cross product: v x w, divergence of vector function, Gauss’ Theo-
rem, Green’s Theorem, inner product: v - w, limitations, line integral, norm: ||v||,
normed vector space, rotational of vector function, scalar multiplication: v,
Stokes’ Theorem, surface integral, vector addition: v 4+ w, vector Subtraction:
V—Ww

1.1. Normed Vector Space: V(F)

The term normed vector space [5, 6, 7] is used to name a mathematical struc-
ture where a norm [7] is defined as the rules in a non-empty set V that meet the
addition operation, vector addition, and the multiplication operation, scalar mul-
tiplication, between the elements of the set V and the elements of a field IF. This
normed vector space has two important operations inner product [8] and cross
product [8].

Definition 1.1. A normed vector space V over a field F € R” is an algebraic
structure where a set of elements called vectors v,u,w € V and a set of elements
called scalars a, B € F, together with two operations, vector addition and scalar
multiplication, satisfy the next eight axioms [1, 4]:

Property 1. u+ (v+w) = (u+v)+w
Property 2. u+v=v+4u

Carlos Polanco
All rights reserved-© 2021 Bentham Science Publishers



2 Exterior Calculus: Theory and Cases Carlos Polancoo

Property 3. 30 € V i called the zero vector, such that Vv e V.v4+0=v

Property 4. Vv e V,3 —v eV, suchthat v+ (—v) =0

Property 5. o, € F, a(Bv) = (aff)v

Property 6. lv=v

Property 7. o(u+v) = au+av

Property 8. (a+fB)v=av+fv

Remark 1.1. As it will be explained later in the chapter (Sect. 1.5), although the
representation of the vectors can be in n-dimensional space, not all the operators
act in this space [9, 10].

1.2. Basic operators

1.2.1. Vector Addition: v+ w

There are two types of vectors, those that start anchored at the origin of the refer-
ence system fixed vectors, i.e. to a plane R? or space R>, and those whose start is
not anchored at the origin of the system non-fixed vectors.

Definition 1.2. The vector addition operation @ : V x V — V takes two vectors
v € R" and w € R", and assigns a third vector expressed as v+w € R”".

Example 1.1. Let two vectors v and w € R? be over the field R, v = (1,2) and
w=(3,—1). What is v+ w?

Solution 1.1. If v = (v{,vy) and w = (wy,w2) = v+w = (v; +wy,v2 +wy), then
v+w=(4,1).

Remark 1.2. The addition of two fixed vectors yields a fixed vector.

1.2.2. Vector Substraction: v —w

Definitjon 1.3. The vector substraction operation @ : V x V — V takes two vec-
tors v € R" and w € R”, and assigns a third vector expressed as v —w € R” where
V_wHw—v.

Example 1.2. Let two vectors v and w € R3 be over the field R, v = (1,2, 1) al%l
w=(3,—1,0). (i) What is v — w? (ii) What is w —v? (iii) Explain why v —w #
w—v.

Solution 1.2. (i) If v= (v,v2,v3) and w = (wy,wa,w3) = v—w = (v —wy,v2 —
Wwa,vs —ws), then v—w = (1,2,—1) — (3,—1,0) = (£2,3,~1). (i) w—v £
(3,—1,0) —(1,2,—1) = (2,—3,1). (iii) In general v —w # w — v since v| — w; #
w1 — v, where vi,w; are elements of the field FF.

Remark 1.3. Any non-fixed vector can be expressed as the subtraction of two
fixed vectors.

The addition of the vectors v+ (—w) is equivalent to v — w, so this vector addi-
tion is known as vector subtraction.

Two vectors are equal if there is a translation between them. In this sense, a fixed
vector and a non-fixed vector can be the same vector.
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1.2.3. Scalar Multiplication: ov
Definition 1.4. The scalar multiplication operation Q) : F x V — V takes any
vector v € R" and a scalar o € R, and assigns a third vector av € R”, i.e.
ov =0o(vy,va,- -, vy) = (avy, 00, -, 0v, ). When the scalar oo multiplies vector

v, the length of vector av will increase or decrease; however, if o = —1 the vector
ov keeps its length but not its orientation, which will be opposite.

Example 1.3. Given vector v = (—3,4,5) € R3 and scalar & = —3 € R, what is
vector av?

Solution 1.3. av = (—3)(—3,4,5) = (9,—12,—15).

This operation otv makes possible to increase the length of a vector (if o > 1),
decrease it (if 0 < o < 1), or change its orientation (if & < 0).

1.2.4. Norm:

il

Definition 1.5. The norm (Eq. 1.1) of a fixed vector a € R” represents the length
or distance with respect to point 0.

||al|= \/ﬁ where a € R". (1.1)
i=1

The norm (Eq. 1.1) of a non-fixed vector ¢ € R" represents the length or distance
(Eq. 1.2) between the fixed vectors a,b € R".

n
llel|=la—bl|= |} (ai —b;)?, where c = a—b. (1.2)

i=1

Example 1.4. There are two fixed vectors in a space v = (3,1,—2) and w =
(1,—1,1). (i) What is the norm (or length) of vector v? (ii) What is the distance
between the fixed vectors v and w?

Solution 1.4. (i) The norm of vector vis ||[v||= /3% + 12 + (=2)2 = V/14. (ii) The
distance is ||[v —w||= \/(3 124+ (1=(=D)2+((-2)-1)2=V17

It is important to differentiate the norm of a vector ||a|| from the absolute value
of a scalar |x|. The first one is a vector, the second one is a real number.

1.2.5. Inner product: v-w

Definition 1.6. The inner product is an algebraic operator that involves two vec-
tors a,b € R" (Eq. 1.3) and the angle 6 between them (Eq. 1.4).

a-b=a by +axb,+---+aub, (1.3)



Part I1

Grassmann Algebra



Geometric algebra or Grassmann algebra is the central subject of this book.
It has nine chapters: chapters 2 and 3 define this algebra in 2 and 3 dimensions;
chapter 4 studies the extension to n dimensions; in chapters 5 and 6 we refor-
mulate the derivative and integral operators; from chapter 7 to 9 we focus on the
Geometric algebra applications to introduce the Green’s, Stokes’, and Gauss’
theorems in Differential forms; finally, in chapter 10 we see the Fundamental
Calculus Theorem in terms of Geometric algebra and Differential forms.
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CHAPTER 2

Geometric Algebra on G,

Abstract This chapter is a review of Geometric algebra or Grassmann alge-
bra on G;. This algebra is attributed to Hermann Grassmann [Die lineare Aus-
dehnungslehre, ein neuer Zweig der Mathematik 1842]. It has two main operators:
outer product and inner product. Here, we will also study dot product, and ge-
ometric product, as well as their properties. We will start with the definition of
Geometric algebra, its properties and most useful tools. With this background, we
will define the differential forms in Chap. 5.

Keywords: Associativity: a(bc) = (ab)c, bivector, blades < a >;, distributivity:
a(b+c), distributivity: a A (b+c¢), dual Ia, = b,,_,, equation of a line, outer prod-
uct, geometric algebra, geometric product, inner product, lines, multiplicative in-

verse: a~ !, norm ||a||, reflections, reversion: a’, rotations

2.1. Geometric Algebra on G,

Definition 2.1. The Geometric algebra or Grassmann algebra [1, 9, 20] is a
unitary associative algebra, in symbols G, = G,(R?). It is formed by three ele-
ments: «,scalars, o}, o, vectors, and the elements o7 A 6, named bivectors, or
equivalently 0,0,, where o € R. These elements will be expressed in orthonor-
mal basis for convenience and they meet Eq. 2.1 for i = j.

0;0; = 1
6i0j = —0j0i 2.1

An arbitrary element will be Eq. 2.2.

Carlos Polanco
All rights reserved-© 2021 Bentham Science Publishers
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V= Vo +Vi01+Vva0r+vi201 Aoy in Go.
A AN > 2.2)

basis scalar basisvector basis bivector

Remark 2.1. An equivalent would be o; A 0}, 0;0;, and o;;.

Example 2.1. Provide some examples of elements on G;.

Solution 2.1. v=40,+50;A0r,v=4+0r+—401,v=—14+ 01 —30, +70}5.

2.1.1. Outer Product: a A\ b

Definition 2.2. For two vectors a = ag+a 6] + a0, +a3012 and b = by + b0 +
byor +b3o1p € Gy [1, 4, 8], we define

1
anb= E(ab—ba)

Example 2.2. Let two elements a = (1,—1) and b = (3,2) € G,. (i) Obtain the

outer product aAb = = (ab — ba). (ii) Obtain the geometric product using Def. 2.3.

1

2
1

Solution 2.2. (i) From Ex. 2.8 aAb = E(abf ba)=5010y.(i)ab=a-b+anb=

14+50132.SoaAb=>50.

The collinearity of two vectors implies that its outer product is zero, i.e. aAb =
0<allb.

Example 2.3. Let two collinear vectors a = 61 + 0, and b =207 +20,. Determine
the outer product.

1
Solution 2.3. ab =8 and ba =8, aNb = E(ab —ba)=0,s0a | b.
Example 2.4. Let the vectors a = 01 + 012 and b = —207 + —30;. Determine the
outer product.

Soluti01112.4. ab = -2 —3013 +20, — 307 and ba = —2 + 301 — 205 + 3072,
anb= E(ab—ba) = —-20,+30] +301>.

2.1.2. Inner Product: a-b

Definition 2.3. For two elements a = ay + a10] + a0 + azo1p and b = by +
bioy +byor +b3op € Gy [1, 4, 8, 15], we define

1
a-b= E(abera)
Example 2.5. Consider elements @ = 0] + 03,b = 01 — 03 € G; [1, 4, 15]. (i)
Obtain the geometric products ab and ba. (ii) Determine a - b. (iii) Determine
alb.

15
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Solution 2.5. (i) ab = —2,ba = 20613. (i) a- b =0. (iii)) aAb = 0.

The perpendicularity of two vectors in R? implies that the inner product is zero,
ie.a-b=0&alb.

Example 2.6. Let two perpendicular vectors [1, 21] a = 61+ 0> and b = o1 —
07 in R2. (i) Determine the inner product. (ii) Interpret geometrically the inner
product.

1
Solution 2.6. (i) ab = —20; and ba =20613,a-b = 3 (ab+ba)=0,s0a L b. (ii)
See (Fig. 2.1).

Figure 2.1 Geometrical representation of a - b

Example 2.7. Let the vectors a = 6] + 012 and b = —267 + —30,. Determine the
inner product.

Solutio? 2.7.ab = -2 — 3012 + 20, — 307 and ba = -2 + 307 — 202 + 3072,
a-b= E(ab—l—ba) =-2.

2.1.3. Geometric Product: ab

From these two elements a = ay + a1 061 + a202 + a3o61 and b = by + b0 +
byoy +b3op € Gy [1, 2,9, 10, 16, 17, 22, 23], the geometric product (Eq. 2.3)
is defined as

ab = (a0+a161 + a0y +ap0q 62)(b0+b161 +byor + b0 0'2)

2.3
=a-b+aNb 2.3)

The geometric interpretation of the bivector o A 0, is the oriented area with two
sides A and B spanned by the vectors o and 0,, whose value is 1 (Fig. 2.2). Sim-
ilarly, o1 A —0o, (Fig. 2.3) represents the area of side B and —o; A — 0, represents
the area of side A.
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CHAPTER 3

Geometric Algebra on G;

Abstract This chapter reviews and elaborates on the operators from Geometric
algebra on G; to G3. This algebra is attributed to Hermann Grassmann [Die lin-
eare Ausdehnungslehre, ein neuer Zweig der Mathematik 1842]. It is formed by
two main operators, the outer product and the inner product, it also includes the
element called bivector. Here, we review their properties and their application in
space.

Keywords: Associativity: a(bc) = (ab)c, bivector: a A b, blades < a >, compo-
nent: v, component: v, distributivity: a(b + c), distributivity: a A (b + c), dual
la, = b,_,, equation of a line, outer product, geometric algebra, geometric prod-
uct, inner product, lines, multiplicative inverse: @', norm ||a||, reflections, rever-
sion: a', rotations

3.1. Geometric Algebra on G;

Definition 3.1. The Geometric algebra or Grassmann algebra [1, 9] is a unitary
associative algebra, in symbols G3 = G3(R3). It is formed by eight 23 elements:
a, scalars, 01,07, osvectors, 61 A 02, 01 A 03, 02 A 03 bivectors, and 6] A 6 A
o3 trivectors (or equivalently ¢;0,03), where o € R. For convenience these
elements are expressed in orthonormal basis and they meet Egs. 3.1 fori = j.

0;0; = 1
3.1
0,0; = —0,0;

An arbitrary element is Eq. 3.2.

Carlos Polanco
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V= %)
~—

basis scalars
+v101 +n 0y
—_——
basisvectors

3.2)
+Vv1201 N0y +v2302 A O3 +v3103 A\ O]

basis bivectors
+v12301 Aoy A 03 in G3.
[y ———

basistrivector

Remark 3.1. The equivalent would be o; A 0}, 0;0;, and o;;.

Example 3.1. Provide some examples of elements on Gy.

Solution 3.1. v=40,+ 50, A0y, v=4+4+ 0+ —4012,v=—1+01 —30,+7013.

3.1.1. Outer Product: a A\ b

Definition 3.2. For two elements a = ayg + a;01 + ax0» + ajp01 A 62 + a1301 A
03+ ay3op ANo3+01 Aoy ANosz and b = by+b161 + b0+ b1201 NGy +b1301 A
03 +by305 A 03 +b12301 A0y A 03 € G3 [1], we define

ahb= %(ab—ba)

Remark 3.2. IfaAb=0=-a|| b.

Example 3.2. Consider two elements a = 0,1 + G123 and b = 2+ 01, € 3. Obtain
the outer product a A b.

Solution 3.2. Since ab= —1—03—201,+20613 and ba =1— 03 —2012+20723,
aNb=0.

Example 3.3. Are vectores a = 0] + 0> + 03 and b = 207 + 20, + 203 colinear?.
(i) Determine the outer product. (ii) What about Eq. 3.2.

1
Solution 3.3. (i) ab =6 and ba =6, aANb = i(ab —ba) =0, so a | b. (ii) Yes,
both elements are parallel.

3.1.2. Inner Product: a-b

Definition 3.3. For two elements a = ayg + a;01 +ax0» + ajp01 A 62 + a1301 A
03+ ay3op ANo3+01 Aoy ANosz and b = by+b161 + by + b1201 NGy +b1301 A
03+ br305 A 03+ b12301 A0y A 03 € G3 [1], we define

a-b= %(ab—i—ba).
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Remark 3.3. Ifa-b=0<a L b.

Example 3.4. Let two elements a = 010,03,b = 6] — 06,0103 € G3. (i) Obtain the
geometric products ab and ba. (ii) Determine a - b. (iii) Determine a A b.

Solution 3.4. (i) ab = (610,03)(0] — 6,0103) = 0,03 — 1, ba = 0,03 — 1. (ii)
a-b=0y03—1.(iii)) aAb=0.

Example 3.5. Let two elements a = 6105 and b = 03 € G3. (i) Obtain the geo-
metric products ab and ba. (ii) From Def. 3.3 determine a - b. (iii) From Def. 3.2
determine a A b.

Solution 3.5. (i) ab = 6106,03. ba = 6106203. (ii) a- b = 610,03. (iii) aAb = 0.

Example 3.6. Let two elements a = 1 + 01 + 6> — 6»03 and b = 010, € G3. (i)
Obtain the geometric products ab and ba. (ii) From Def. 3.3 determine a - b. (iii)
From Def. 3.2 determine a A b.

Solution 3.6. (i) ab= (140140, — 0,03)(06102) =061 — 0» + 0102, — 61 03. ba=

(6162)(1+ 01+ 62 — 6203) = —G| + 03 + 6106, — 6103. (ii) a-b = 616, — 61 03.
(ii) aNb = o1 — 0».

Example 3.7. Let two elements @ and b on G3 [1] a=01+ 0+ 03 and b =
01 + 0, — 203 in R?. (i) Determine the inner product. (ii) Give a geometrical
interpretation of the inner product.

1
Solution 3.7. (i) ab=3013+3023 and ba = —30613—3023,a-b = E(llb—Fba) = 0,
soa L b. (ii) See Fig. 3.1.

Figure 3.1 Geometrical representation of a - b.

3.1.3. Geometric Product: ab

For two elements a = ay+ a1 61 +a>06> +a1261 A 6> +a1361 A 63 +ar»36, A o3+
oy Noy Aoz and b = by + b0 +Dby02+b1261 ANOr+b1361 AO3+ D302 A O3+
b12301 N oy A o3 € G3 [1], the geometric product (Eq. 3.3) is defined as
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CHAPTER 4

Geometric Algebra on G,

Abstract This chapter reviews and elaborates on the operators of Geometric alge-
bra from G3 to G,,. This algebra is attributed to Hermann Grassmann [Die lineare
Ausdehnungslehre, ein neuer Zweig der Mathematik 1842]. It is formed by two
main operators, the outer product and inner product. Here, a new element is
introduced the multivector, we review these operators, their properties, and their
application in the representation of curves, planes, and objects on space G,,.

Keywords: Associativity: a(bc) = (ab)c, bivector: a A b, blades < a >, compo-
nent: v, component: v, distributivity: a(b + c), distributivity: a A (b + ¢), dual
la, = b,_,, equation of a line, outer product, geometric algebra, geometric prod-
uct, inner product, lines, multiplicative inverse: a~ !, multivector a AbACA--- A Z,
norm ||al|, reflections, reversion: a', rotations, trivector: a Ab A ¢

4.1. Preliminaries

This chapter explores the main operators in space G,,, since this space corresponds
to G, = G,(R"), we will not provide illustrative graphs, but we will focus on the
analytical solutions oriented to the elements in that space using the outer product
anb.

Note 4.1. It is important to note that although the elements G,, have o..., (Def. 4.1),
to simplify, we have replaced them with examples on Gg4.

4.2. Geometric Algebra on G,

Definition 4.1. The Geometric algebra or Grassmann algebra [1, 9] is a uni-
tary associative algebra, in symbols G, = G, (R"). It is formed by 2" elements:

Carlos Polanco
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scalars «;, vectors (xiO',-,biéectors 0;;j0;;j, trivectors o, 0;jx, and multivec-
tors «,;..,0;..,. For convenience, these elements are expressed in orthonormal
basis that meet Eqs. 4.1 for i # j.

0;0; = 1
“4.1)
GiO'j = —O'jO'l‘
An arbitrary element is (Eq. 4.2).
n n n
V= Zvi + Zv,-d,- + Z VijOij
i=1 i=1 ij=1
basis scalars  basis vectors  pgsis bivectors
4.2)
n n
+ Z VijkOijk + Z Vi..zO;...; 0 Gy,
i,j,k=1 iy,z=1
basis trivectors basis multivector

Remark 4.1. The equivalent is 0; A 0}, 0;0; and o;;.

Example 4.1. Provide some examples of elements on G,,.

Solution 4.1. v = 507...,,,

4.2.1. Outer Product: a A b

Definition 4.2. For two elements a and b € G,, [1], we define

1
ahb= E(ab—ba)

Remark 4.2. IfaAb=0=-a || b.

Example 4.2. Consider two elements a = G234 and b = 2+ o1, € G,,. Obtain the
outer product a A b.

Solution 4.2. ab = 2061234 + C123412 = 201234 — 034 and ba = 201234 — O34, SO
alNb=203.

Example 4.3. Let two elements a and b on G, a = 05 + 01, where b = 005 +
po;. Determine what values comply with the scalars @ and 8 so both vectors are
collinear.

1
Solution 4.3. If a Ab = E(ab—ba) =0, then a || b. Since ab = 2, ba = 2f

1
anb= E(ab—ba):0<:>20c—2[3:0<:)oc:ﬁ.
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4.2.2. Inner Product: a-b

Definition 4.3. For two elements a and b € G,, [1], we define

1
a-b= E(ab—i—ba).

Remark 4.3. Ifa-b=0<a L b.

Example 4.4. Let two elements a = Os¢7,b = 012345 € Gy, (i) Obtain the geomet-
ric products ab and ba. (ii) Determine a - b. (iii) Determine a A b.

Solution 4.4. (i) ab = — 06123467, ba = G1234¢7. (1) a-b = 0. (iil) a Ab = —0123467.

Example 4.5. Let two elements a = 610, and b = 03 € G,,. (i) Obtain the geo-
metric products ab and ba. (ii) From Def. 4.3, determine a - b. (iii) From Def. 4.2,
determine a A b.

Solution 4.5. (i) ab = 610203. ba = 6106,03. (i) a-b = 610>03. (ii)) aAb = 0.

Example 4.6. Let two elements a = 1 + 0] + 03 — 024 and b = 01234 € Gy, (i)
Obtain the geometric products ab and ba. (ii) From Def. 4.3, determine a - b. (iii)
From Def. 4.2, determine a A b.

Solution 4.6. (i) ab = (01234) (061 + G2 — O24) = G234 — O134 — O13. ba = —OGr34 +
0134 — 013 (i) a-b = —013. (iii) a Ab = 0234 — O134.

Example 4.7. Let two elements a and b on G, [1] a = 6] + 02 + 03 + 04 and
b = 01+ 0> — 203+ 04 on G,,. (i) Determine the inner product. (ii) Geometrically
interpret the inner product.

Solution 4.7. (i) ab = 1 — 2013 + 023 + 3034 and ba = 1 + 3013 + 2023 — 3034,
1
a-b= E(abera) = 1. (ii) It is a point in the G4 space.

4.2.3. Geometric Product: ab

From two elements a and b € G,,, the geometric product (Eq. 4.3) is defined
as [1]

ab=a-b+anb 4.3)

where the term a - b is the inner product (Def. 4.2.2) and the term a A b is the
outer product (Def. 4.2.1) [1].

Remark 4.4. If the elements on G, are of the form a = 4101 + a0, +---+a,,03
and b = b;01 + by02 + - -+ + b, 0, then the inner product will only have the
scalar part and the outer product the vectorial part.



60

4Exterior Calculus: Theory and Cases, 2021, 60-72

CHAPTER 5

Differentiation

Keywords: 0—Forms, 1—Forms, 2—Forms, 3.Forms, k—Forms, dn, df, dx;,
dx; Ndxj, dx; Ndxj Ndxy, dx; Ndxj Ndxg Ndxy, dx; Ndxj A --- Ndxy,, dw, d1),
d(w A M), derivative of 0—form, derivative of 1—form, derivative of 2—form,
derivative of 3—form, derivative of k—form, differential forms, divergence, ex-
terior derivative, function w, function 1, geometric product, geometric product,
gradient, inner product, outer product, rotational, tangent line, tangent plane

5.1. Differential of a Function

Informally, an approximation to the definition of a differential of the function
f:R—Risdy= f'(x)dx. If dy < 0, then (dy)? is negligible, i.e. (dy)*> ~ 0 [11].
This assumption is useful to obtain the derivative, or exterior derivative, of an
outer product.

If we substitute the elements o; in orthonormal basis of the geometric product
by the differentials dx; and consider (dy)? = 0 (Prop. 5.1), then we can define the
families (of both real-valued functions and vector-valued functions), whose basis
are formed by dx; that act on a tangent plane.

This type of function families are known as Differential forms.

Remark 5.1. The equivalent is dx; A\ dx;, dx;dx;, and dx;;.
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5.2. Differential Forms

5.2.1. O0—Forms

A 0—form is any differentiable real-valued function f(x) defined to assign a
unique real number to a point, i.e. a O-form is the measure of a flux over a point
in an infinitesimal 0—region [27].

Definition 5.1. A O-form in R” is a differentiable real-valued function w
(Eq. 5.1) [4].

wo=f:R" =R 5.1
Example 5.1. Determine the product and sum of the functions wo; (x,y) = ¢* + 3y
and woa (x,y) = x—y.
Solution 5.1. (i) wo(x,y) = wo1(x,y) + woa (x,y) ="+ 3y+x—y=¢€"+2y+x.
(i) wo (x,y) = wor (x,y)woa (x,y) = (¢"+3y) (x = y) = xe* —ye* +3yx —3y%.

Example 5.2. Determine the product and sum of the functions wy; (x) = sinx and
woz (x) = cosx.

Solution 5.2. (i) wo(x) = woi (x) +wop (x) = sinx+cosx. (i) wo (x) = woiwoz (x) =
SINXCOS X.

5.2.2. 1—Forms

A 1—form is any differentiable vector-valued function f(x) defined to assign a
unique real number to an oriented curve, i.e. a 1-form is the measure of a flux
over an oriented curve in an infinitesimal 1—region [27].

Definition 5.2. A 1—Form in R" is a vector-valued function formed by a linear
combination of the real-valued functions f; : R” — R over an orthonormal basis,
formed by the differentials dx; (Eq. 5.2) [4].

w1 :fl(Xh"‘,Xn)dXI +"'+fn(x17"'axn)dxn (52)
Example 5.3. Determine the product and the sum of the functions wy;(x,y) =
e*dx+3ydy, wiz(x,y) = xdx — ydy, and wo(x,y) = xy.

Solution 5.3. (i) wii(x,y) +wia(x,y) = (" +x)dx+ 3y —y)dy. (i) wo(x,y) w11
(x,y) = (xy)e*dx +(xy)3ydy = xye* dx -+ 3xy? dy.

Example 5.4. Determine the product and the sum of the functions wy;(x) =
sinxdx and wiz(x) = cosxdx.

Solution 5.4. (i) wi (x) = wy(x) + wia(x) = (sinx+cosx) dx. (ii) If wp(x) = tanx
then wo(x)wy (x) = tanxsinxdx.
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Example 5.5. Determine the product and the sum of the functions wy;(x) =
sinxdx and wia(x) = cosxdy.

Solution 5.5. (i) wi(x) = wi;(x) +wiz(x) = (sinxdx + cosx)dy. (ii) If wy(x) =
tanx then wo(x)wy (x) = tanxsinxdx.

5.2.3. 2—Forms

A 2—form is any differentiable vector-valued function f(x) defined to assign a
unique real number to an oriented surface, i.e. a 2-form is the measure of a flux
in an infinitesimal 2—region [27].

Definition 5.3. A 2—Form in R”, is a vector-valued function formed by a linear
combination of the real-valued functions f; : R” — R over an orthonormal basis
of the differentials dx; Adx; (Eq. 5.3) [4].

wo zfl(xl,--~,xn)dx1 /\dx2—|—~--+fn(x1,--~,xn)dxi/\dxj (5.3)

Example 5.6. Determine the product and the sum of the functions wo; (x,y,z) =
e“dx Ndy+ 3zydx Ndz+ cosxdy Adz, wa(x,y,z) = xzdx ANdy — ydx Adz, and
wo(x,y,2) = xy.

Solution 5.6. (i) wai (x,y,2) +wa(x,y,2) = (' +xz)dx Ndy+ (3yz—y)dx Ndz+
cosxdy Adz. (i) wo(x,y,2)wa1 (x,v,2) = (xy)e* dx Ady+3xy*zdx Adz+xycosxdy
Ndz.

Example 5.7. Determine the product and the sum of the functions wy;(x,y) =
sinxdx Ady and wa (x,y) = cosxdx Ady.

Solution 5.7. (i) wi(x,y) = wai(x,y) +waa(x,y) = (sinx 4 cosx)dx Ady. (i) If
wo(x,y) = tanx then wo(x,y)wz; (x,y) = tanxsinxdx A dy.

5.24. 3—Forms

A 3—form is any differentiable vector-valued function f(x) defined to assigne
a unique real number to an oriented volume, i.e. a 3-form is the measure of a
flux over an oriented volume in an infinitesimal 3—region, it is the measure of a
fluid [27].

Definition 5.4. A 3—Form in R” is a vector-valued function formed by a linear
combination of the real-valued functions f; : R” — R over an orthonormal basis
of the differentials dx; Adx; A dx; (Eq. 5.4).

w3 = fl(xl,- .- ,x,,)dxl Ndxo Ndxz +--- +fn(X1, “ee LX) dX; NdxjNdxy  (5.4)
Example 5.8. Determine the product and the sum of the functions ws; (x,y,z) =

e“dx Ndy Ndz+3zydx Ndz Ndy+ cosxdy Adz A dx, wia(x,y,z) = xzdx Ady A
dz—ydxNdzNdy, and wy(x,y,z) = xy.
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CHAPTER 7

Fundamental Theorem of Calculus

Abstract This chapter reviews The Green’s, Stokes’, and Gauss’ Theorems as a
direct result of the differentiation and integration operations set out in previous
chapters. All the exercises are solved using the Grassmann algebra. The Funda-
mental theorem of calculus is introduced at the end of this chapter, as an extension
of the theorems studied here.

Keywords: dw; form, dw, form, w; form, w, form, divergence, Field associated,
Fundamental Theorem of Calculus, Gauss’ theorem, Grassmann algebra, Green’s
theorem, Heaviside-Gibbs algebra, rotational, Stokes’ theorem

7.1. Preliminaries

In the following sections, we will introduce the operators and properties of the
Grassmann algebra (Chaps. 2-6) with some examples. These operators and their
properties are required to introduce the Green’s, Stokes’, and Gauss’ theorems.
If the reader is interested in knowing these theorems under the Heaviside Gibbs
algebra, he/she can review (Chap. 1).

These theorems derive directly from the integration and differentiation operators
of Grassmann algebra and their generalization is provided in the last section of
this chapter.

7.2. Green Theorem

Definition 7.1. Let w; be a 1—form on an open over a region D C R? bounded by
dD in the positive perimeter, then
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/ w1 :/dw1 (7.1)
aD D

Green’s theorem states that the effect of the vector-valued function F over the ori-
ented closed curve dD, counter-clockwise orientation (represented by wi—form
over R?), is equivalent to the rotational effect over the area bounded by the region
D, i.e. dWl .

Proof. The definition of field associated (Sect. 5.3.2) is verified.

Example 7.1. Let w; = —ydx + xdy. Verify Green’s theorem over the region
c(t) = (cost,sint),t € [027].

2n 27
Solution 7.1./ Wi :/ —ydx+xdydt:/ —sinz(cost), + cost(sint), dt
aD 0 0

T
= / sin?t +cos’tdt =21
0

dwy =d(—yNdx)+d(xNdy))

dy dy ox ox
(8 dx—i—a dy) ANdx+ (8xdx+8ydy> Ady

dy dy (7.2)
<8x> dxNdx — (ay) dy Ndx
+ @ dxNdy+ @ dyNdy
ox dy
= 2dxdy

now, we parameterize ¢(r,0) = (rcos6,rsin0,1)

2 2 x
/dw1 // [2dxdy] dOdr—// [ }d@dr—// 2rd@dr
(r,0

d(x,y)
a(r,0)

The Green’s theorem is verified.

Note 7.1.

7.3. Stokes’ Theorem

Definition 7.2. Let w; be a 1 —form on an open over a region S C R3 bounded by
dS in the positive perimeter, then

/ w1 :/dW1 (7.3)
as N

Stokes’s theorem states that the effect of the vector-valued function F over the ori-
ented closed curve dD, counter-clockwise orientation (represented by w;—form
over R?), is equivalent to the rotational effect over the area bounded by the region
D, ie.dw.

Exterior Calculus: Theory and Cases
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Proof. The definition of field associated (Sect. 5.3.2) is verified.

Example 7.2. Let wi =xydx+e*dy+xdz. Verify Stokes’ theorem over the region
c(t) = (cost,sint, 1).

2r 27
Solution 7.2./ w1:/ xydx+ezdy+xdzdt:/ costsint(cost), + ¢!
D 0 0

(sint);—i—cost(l);dt:/ —costsin’t + e costdt =
0
dwy = d(xy Ndx) +d (e Ndy) +d(x Ndz)

= (8xydx+ ?dy—&- %xydz) Adx

de 0¢* ¢t

+ <8 dx —F—(9 dy +—a dz)/\dy
ox ox ox
<xdx+8yd +8 dZ)/\dZ

(7.4)

Il
7 N
Q_)QJ
=

)dx/\dx—i— <8 >dy/\dx+
dy

¥4 v4 ¥4
+ <ae> dxNdy+ (aey) dyndy+ <an dz A dy
ox ox
(8)}) dyANdz+ (x?z) dzANdz

= —xdxdy+ dzdx+ ¢*dzdy

I
7~
B
~—
>
>
QU
N
+

now, we parameterize ¢(r,0) = (rcos6,rsin0,1)

” ” (x,7)
/dw1 // xdxdy-l—dzdx—&-ezdzdydedr—// [—rcose (r.6)

' ( 2,y / /'27'6_
+8(r,9) 8( p dOdr = r-cos0d0dr=0
x,y)

a(x,y) 9(&)6) - 9(z,y)
Note 7.2. 9(.0) =r, 9(0) =0, and 90.0)

The Stokes’ theorem is verified.

=0.

7.4. Gauss’ Theorem

Definition 7.3. Let w; be a 2—form on an open over a region @ C R? bounded by
dw, in the positive perimeter, then
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The second part of the book starts with the characterization of the real-valued
functions with a review of the concepts of continuity, differentiation, and integra-
tion. Integration is presented with mappings on a plane and space. We define the
vector-valued functions, their geometric representation and the two vector oper-
ators: rotational and divergence. Each section is self-contained so the unfamiliar
reader can follow up the subject.
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CHAPTER 8

Applications

Abstract This chapter gives an alternative solution to the spread of an epidemic
outbreak of k dimension, using a k—Form. The k—region, derivative, and integral
of this k—Form are interpreted. An extension of the k dimension is proposed using
a k—Form equivalent to the electric current and the magnetic field, known as Am-
pere’s law. An algorithm to determine the main function of a protein is introduced
using a k—Form. Finally, the k—region, derivative, and integral of this k—Form
are interpreted.

Keywords: Ampere’s law, clinical variables, mathematical epidemiology, non-
clinical variables, structural proteomics

8.1. Mathematical Epidemiology

8.1.1. Preliminaries

In recent years, after the emblematic analysis of 335 infectious emerging dis-
eases from 1940 to 2004, in which it was reported that 60% were zoonosis and
25% were mosquito-borne viruses [30], and after the A-HIN1 flu outbreak of
1989 [31], there has been substantial progress in the development of surveillance
systems of serious diseases with epidemic potential to support public health, clin-
ical infrastructure, and the limited responsiveness of Emergency Services.

At present, it is still uncertain if a sporadic zoonosis restricted to a certain area
will become a global pandemic or something in between. Therefore, surveillance
systems of severe infectious diseases with epidemic potential should not only be
based on the number of notified cases and their space-time distribution in a deter-
mined geographical area, to issue an early warning.
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The best would be to also consider non-clinical variables, such as socio-demographic
factors, public transport, livestock production, and vaccinated population, as it is
known [31] that these factors are the epidemiological foundation for the spread of

a potential pandemic outbreak. Today, a person can be infected on one continent
and be on another 10 hours later.

This, combined with the virulence of the pathogenic agents and some socio-
demographic factors, determine their spreading capability. A surveillance system
of severe infection diseases with epidemic potential, will give health authorities
valuable time to promote suitable measures and minimize the spread of the dis-
ease.

For this reason, it is expected that a surveillance system of severe infectious dis-
eases with epidemic potential identifies, as soon as possible, specific symptomatic
cases of an infectious process; this requires a predictive element that foresees, with
a certain degree of accuracy, a possible event in the time/space of this infectious
process so the authorities take preventive measures in the affected region.

In our opinion, two of the main factors undermining the effectiveness of the warn-
ings are, on the one hand, the increasingly efficient means of transport and on the
other, the numerous mild diseases e.g. colds that present fever.

Nowadays, the surveillance systems of serious infectious diseases with epidemic
potential are mainly based on the number of microbiologically [32] verified cases;
the warnings, although real, are also late as monitoring is based on the assumption
that symptomatic subjects will go to a clinic.

However, if the transmissibility and/or lethality of the virus is very high, or if the
number of medical facilities in the area is very limited, the index patient and some
of his/her contacts will probably die before receiving medical attention, which
will make even harder to trace back the contacts net that will continue growing.
Additionally, the number of doctors and clinics available is frequently less than
optimal, as in the case of developing countries, where the population does not
usually seek medical advice for many different reasons.

In this circumstance, it is necessary to have a predictive model of serious infec-
tious diseases with pandemic potential that considers and weights clinical and
non-clinical variables, instead of depending only on the number of microbiolog-
ically confirmed cases, and that forecasts the emergence and progress of the out-
break in a region.

8.1.2. Model

The model proposed, defines a k—form function (Eq. 5.20), whose dx; is a mea-
sure of the net flux through the boundary of an infinitesimal (k + 1)—region, en-
closed in an oriented k—geographical region that represents the effect of the total
flux on a particular area of that k—geographical region,

where

Definition 8.1. The derivative [3] of a 3—form function wy (Eq. 8.1) is a k +
1—form function of C! class wyy| = dwy, (Eq. 8.2).
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wi = f(x1,- %) dxj A+ Ndxy 8.1

dwy = (Zdei>/\dxj~/\-~~/\dxk (8.2)
i=1 !

and,

Definition 8.2. The integral of a differential form wy in R” over a region D € R",
is represented by (Eq. 8.3).

Ay an
/Wk:/ ces fl(x17...7xn)dxl...de+..._|_
D a

Af+m

Sa(x1, xn)dxy -+ -dx1dD  (8.3)

The previous definitions are in (Chaps. 5, and 6) if the reader wants to deepen in
these concepts, it is advisable to review these chapters.

8.1.2.1 Clinical Variables

Clinical variables [31] are parameters strongly associated with an epidemic pro-
cess and they are related to the seriousness of the patients’ condition, or the med-
ical supplies necessary for their attention, i.e. hemodynamic monitors and me-
chanical ventilators.

8.1.2.2 Non-Clinical Variables

Non-clinical variables associated with an epidemic process are those variables that
are not associated with the medical aspect and may well be associated with trans-
port phenomena, education, population growth, or accessibility to drinking water,
e.g. passengers traveling, illiterate indigenous population, immigrant population,
and dwellings without piped water.

8.1.3. Algorithm

The function is a vector-valued function f : R¥ — R¥, where k is the number of
clinical and non-clinical variables.

The integral 6.6 of a k—form represents the total effect or flux that a vector-
valued function f(x) has over the oriented k—volume, on an interval of the do-
main of the function; and the derivative (Def. 5.3.5) dx; is a measure of the net
flux through the boundary of an infinitesimal (k + 1)—region enclosed in an ori-
ented k—volume.
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CHAPTER 9

SOLUTIONS
Solutions Chapter 1

Solution 1.1. (i) The map is T : R = R?, (acos8,bsin8), 6 € [0,4x]. (ii) See
(Fig. 1.2).

x*/a® +y?/b* =1

(s
N

T(8) = (a cos 8, b sin 6)

A

4t A

Figure 1.2 Map of the ellipse where b < a. Figure adapted from [1].

(ii1) The mapping runs twice the perimeter of the ellipse.
Solution 1.2. The mapis 7 : R = R3, (cos 0,sin 0,1 —cos 0 —sin @), 6 € [0,3x].

Solution 1.3. (i) The paraboloid is the graph of the function f(x,y) = 1 —x? —
y?, the map T : R? = R?,(rcos8,rsin@), r € [0,1],0 € [0,27] transforms the
rectangle into the unit circle and foT is the third component of the map T : R? =
R3. Then, T(r,0) = (rcos6,rsin®, 1 —r?>cos’ @ —r>sin? @) = (rcos 0, rsinf, 1 —

).
Solution 1.4. (i) ¢ Foc(t)-c'(t)dr = 027:(_ sin’z,cost) - (—sint, cost)dt = 7.

Carlos Polanco
All rights reserved-© 2021 Bentham Science Publishers
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Solution 1.5. (i) ¢ Foc(t)-c'(t)dt = fozn(—sinzt,cost,l) - (—sint, cost,0)dt =
.

Solution 1.6. (i) 7(r,0) = (rcos0,rsin0,v1—r?). i F o T (u,v) - n(u,v)dS =

02” [ (rsin®,rcos 6,v/T—r2) -(”%Cfif, rzﬁ?iffyr)drde =27 (i) T(r) = (cost,

sint,0) §, FoT(t) -T'(t)dt = (f”(sint,cost,O) - (—sint,cost,0)dt = 0.

Solution 1.7. [ [**/(cos6,sin6,0) x (—rsin@,rcos6,0)d6 dr = .

Solution 1.8. From Green’ theorem

ychoc(t).c’(t) dt://C(VXF)'kdydx.

Then F (x,y) = (2xy —x?,x+y?) and the first mapping is 7; (¢) = (¢,12),¢ € [0, 1] so
fol (263 =12, t+1%)-(1,2t) dt = ]. The second mapping is T>(t) = (t,v/1),t € [1,0],
then flo(Zt% —12,2t)- (1, 2%/;) dt = —%. So the line integral is 3]—0. The double
integral is [[(V x F) -k dydx = fol fx‘z/;(0,0, 1 —2x) -k dydx = 55. The double
integral is equal to the line integral, the Green’ theorem is verified.

Solution 1.9. From Stokes’ theorem
55 Foc(t)-(t)ds= //(V x F)(Tg)- T, x T, dvdu.
oD S

Since %2 + % =2 ¢ x* +y? = 4, the mapping is T'(t) = (2cost,2sint,2),t €
[27,0]. Then —fozn(6sint, —4cost,8sint)-(—2sint,2cost,0) dt = fOM—12sir12t—
8cos?t dt = 207x. With the mapping Tg(r,0) = (rcos8,rsin0, %), the d0112b1e in-
tegral is [[.(V x F)(Tp) - Tpr x Tgo drdf = f02 fOZ”(erin9+rc0s 6,0,—5 —3)-

(r’cos @,r?sin@,—r) d@dr = 27. The double integral is equal to the line integral,
the Stokes’ theorem is verified.

Solution 1.10. From Gauss’ theorem

# FOT(u,v)-TvxTudvdu:///(V-F)dzdydx.
ow W

First we compute V- F = 2x73 4 2x7° + 4xz° = 8xZ°, then

#Fds:///(V-F)dV 1.1
S 3B 2,1
z/ / / 8xz>dxdydz
—3J2/-1
=0.
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Solutions for Chapter 2

Solution 2.1. v=—-0r,+ 0, A0y, v=0y+2071,v= 1401 +20, — Oy3.
Solution 2.2. a = —01 + 02, and b =201 +303.

Solution 2.3. ab = —0>, 4+ 6] = 01 — 63. SoaAb = 0] — 0».
1
Solution 2.4. ab =1 — 3612, and ba =1 +3(712, alNb= E(ab —ba) = —3612.

Solution 2.5. (i) ab = 63,ba = — 3. (i) a- b = 0. (iii) a A b = 0.

Solution 2.6. (i) a(b+c) =2. (i) ab=1— 015 and ac = 1 + 61, then ab+ac = 2.
(iii) From (i) and (ii) yes, it is.

Solution 2.7. (i)a(b+c) =1—-01+02+301. (b+c)a= 14+ 01+ 02+3071;. (1)
aN(b+c)=01—0y. (iii))aAb=—0r andaAc=0,thenaAb+aAc= 0y — 0.
(iv) Yes, it is.

2—01+ 0,0
Solution 2.8. ¢~ = & — ZZ 911 01%
a-a 2—40)+40,
Solution 2.9. (i) From the definition, the reversion of a is a’ = 6,07.
Solution 2.10. Its blades are < a >p=1and <a >1=0 < a >,=207>.

Solution 2.11. a Ab = —2012+ 0] then I(a Ab) = G12(—202 4 01) = =201 — 0».

Solution 2.12.
llal| =/ aa]
:\/L(I—I—Z(ﬂ+362+3621)(1+261+362—3621)J (2.2)
=/ |5 +220v—<607 |
=/5.
Solution 2.13. (i) a(bc) = —aoy — 0y. (ii) (ab)c = —a0, — 0. (iii) From the
results (i) and (ii) yes, it is.
Solution 2.14. (i) Ia = 6,060a = 05 + 0. (ii) al = ac106, = —0y — 0. (iii) From

these results, (i) is a rotation of % in the clockwise direction and (ii) is a rotation
of % in the counter-clockwise direction.

Solution 2.15. (i) Ila = 06,0,06100a = —20) — 30>. (ii) all = 46,060,010, =
—201 — 30,. (iii) From these results, (i) is a reflection of 7 in the clockwise
direction and (ii) is a reflection of 7 in the counter-clockwise direction.

u o] — 262 10 5

Solution 2.16. u = W =3 Then y = —uxu = 361 + §02.
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Solution 2.17. The line L, (v) is given by

Lyy=,1)(v) == {x| (x—x0) Av= 0}

[(X]G] —|—XQ02) — (01 +('72)] Nop =0
[(x1 — 1)0'1 + (x — 1)62]/\0'1 =0

The exterior product (x —xo) Av = 3[(x —x0)v — v(x —x0)],

[(xl—l)Gl—F(xZ—l)Gz]/\GlZ(X2—1)6162=0 2.3)

From (Eq. 2.3), x; = Rand x; = 1, so the points with the form (R, 1) are the
solution. Note that the point (1,1) meets the line L, (v).

Solution 2.18. The plane P, (u,v) is given by

Py—nmAv) :={x|(x—x0) A(uAv) =0} 2.4

[(x101 +x202) — (01 +202)] A (0102)

=0
2.5)
[(x1 = 1)o1 + (x2 =2)0] A(0162) =0
From the equation [(x; — 1)01 + (x2 — 2)02][0102] — [0162][(x1 — 1)o7 + (22 —
2)0z] =0. So, the points (x, —2,x; — 1) are the solution. Note that the point (2,1)
meets the plane P, _ > y(u/Av).
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Solutions for Chapter 3

Solution 3.1. v=20123, v=1+30321, v=1-+ 01 + 205 — G2 + O123.
Solution 3.2. « = —0| + 6 + 03, and b = 201 + 30, — 303.

Solution 3.3. ab = 63 — 613 ba = 633 — 623. SoaAb = 0.

1
Solution 3.4. ab = — 0313 = — 0631 = 012, and ba = — 013, aANb = E(ab—ba) =
—012.
Solution 3.5. (i) ab = 031,ba = —07;. (i) a-b = 0. (iii) aANb = 031 = —073.

Solution 3.6. (i) a(b+c¢) = 2031 — 032 + O1. (ii) ab = 031 — 63 and ac = 031 +
O12, then ab + ac = 2031 — 032 + 013. (iii) From (i) and (ii) yes, it is.

Solution 3.7. (i) a(b+c) =1—01+ 0y +3012. (b+c)a= 1401+ 062+307. (ii)
aN(b+c)=o01—0,.(iii))aAb=—0randaNc=0,thenaAb+aAc= 0 —0;.
@iv) Yes, it is.

1—-01+2010
Solution 3.8.a ' = & — - 01720103
a-a —2+4+401; — 403
Solution 3.9. (i) From the definition, the reversion of a is " = —6;03.

Solution 3.10. Its blades are < a >¢= 1 and < a >,= 20, < a >3= —O0[23.
Solution 3.11. a A b = —203 then I(a/\b) = 6123(—263) = —-2073.

Solution 3.12. The norm of a is.

llal| = |/ aa]

=V/[(1+01+0—02)(1+01+0,+021)]
~ Vla3e
=/2.

Solution 3.13. @) a(bc) = —0o3 — 031. (1) (ab)c = — 03 — 031. (iii) From the
results (i) and (ii) yes, it is.

(3.6)

Solution 3.14. (i) Ia = 0,0203a = 023 + 013. (i) al = a0 6,03 = 023 + C13. (iii)
From these results, (i) is a rotation of % in the clockwise direction and (ii) is a
rotation of % in the counter-clockwise direction.

Solution 3.15. (i) Ila = 61231232 + C1231233 = —01 — 03. (i) all = 0G>123123 +
03123123 = — 0O — 03. (iii) From these results, (i) is a reflection of 7 in the clock-
wise direction and (ii) is a reflection of 7 in the counter-clockwise direction.

u o] — 20'2

2 8
Solution 3.16. u = — = ————= . Then y = —uxu = =071 + =05 + 03.
|u]| 3 3 9
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Solution 3.17. The line L, (v) is given by

Lyy—0,1,0)(v) := {x| (x=x0) Av =0}

[(X161 +x00, +X3G3) — (001 + 0 +OO'3)] A (G] +o0+ 0'3) =0
[(x1 —O)Gl + (XQ + 1)0'2—‘1- ()C3 —0)0'3] A (Gl +62—|—63) =0

The outer product (x —xp) Av = %[(x —x0)v —v(x—xp)],

—1)ox+x1013=0
(x2 —1)023+x1013 37

From (Eq. 4.11), x; = 0,x; = 1, and x3 = R. So, the points with the form (0, 1,R)
are the solution. Note that the point (0, 1,0) meets the line Ly, (v).
Solution 3.18. The plane P, (u,v) is given by

Py—,1,1)(uAY) i={x| (x—x0) A (uAv) =0} 3.8)

0=

[(x101 +x202) — (01 +202)] A (0102)

0
[(x1 — 1)61+(X2—2)62]/\(()'162) =0 (3:9)

From (Eq. 4.13), [(x1 — 1)o7 + (x2 — 2)02][0102] — [0162][(x1 — 1)071 + (%2 —
2)o,] = 0. So, the points (x —2,x; — 1) are the solution. Note that the point
(2,1,1) meets the plane P, _(5 ; 1)(uAv).
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Solutions for Chapter 4

Solution4.1.v =2, v = 14301, v=-01A02 ANO3 A O4 A 05 \ 06, v = 2021,
v=1+401+20) — 012 + 0123456789-

Remark 4.1. All of the above vectors are considered to be multivectors in their
most general sense. So it is avoided to qualify them particularly as bivectors,
trivectors among other adjectives.

Solution 4.2. (i)a=—01+0,+ 03 —04+20s5,and b =201 +30, —303+ 04 —
05+ 30%.

(ii) The line generated by L,, and the plane generated by Py, with the orientation
of the vectors v and u A v respectively.

Ly—1234) () ={x| (x—x0) Av=(4,3,2,1) =0},

Px0:(1,2,3,4)(u/\v) = {X | (X_-XO)/\ [u = (17_17 17_1)/\V: (1727_273)] :O}
1
Solution 4.3. ab = 03345, and ba = Gy345, aNb = E(ab —ba) =0.

1
Solution 4.4. ab = 05345, and ba = G345, a-b = 5 (ab + ba) = 02345.-

Solution 4.5. (i) ab = 012345678, ba = — 056781234 = 012345678 (ii) @b = G12345678-
(i) a A b = 0.

Solution 4.6. (i) a(b + C) = 04 — 20234 — O134. (i) ab = — 0234 — 0134 and ac =
— 0234 + Oy, then ab + ac = 04 — 20234 — G134. (iii) From (i) and (ii) yes, it is.

Solution 4.7. (i) a(b +c¢) = —0234 — On. (b + c)a = 0p34 — 0O34. (i) aN(b+c) =
—0p34. (1)) aANb= —0p34 and aANc = —034, then aAb+a A c = —0r34 — O34.
(iv) Yes, it is.

Solution 4.8 ail:i: l+o1+o14---+0, _ a
8. a-a a+o0jat+oa+---+0oya a+a(op+0+---+0y,
1

a a

:a+a(a—1) a+a®>—a) a

Solution 4.9. (i) From the definition, the reversion of a is a’ = Ggsa321.

Remark 4.2. Note that in this case a’ = —a.
Solution 4.10. Its blades are < a >¢p= 1 and < a >,= 2073 < a >7= 0[23456-
Solution 4.11. a Ab = —a then I(a Ab) = —Ia.

Solution 4.12. The norm of a is.

lal| = 4/ Laat]
=VI[(o1+0o+ -+ (o1 +or+ -+ 0]
=\/Ln+Mj
=/n.

(4.10)
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Solution 4.13. (i) a(bc) = 012346 (ii) (ab)c = 0612346 (iii) From the results (i) and
(ii) yes, it is.
Solution 4.14. (i) Ia = 01334a =. (ii) al = acy34. (iii) From these results, (i) is a

rotation of g in the clockwise direction and (ii) is a rotation of % in the counter-
clockwise direction.

Solution 4.15. (1) Ila = 01234012344. (ii) all = a0123401234. (iii) From these re-
sults, (i) is a reflection of 7 in the clockwise direction and (ii) is a reflection of &
in the counter-clockwise direction.

o1 — 20 2 8
Solution 4.16. u = =+ = 21722 Theny= —wwu=~01 + 205 + 03.
NJull 3 39179

Solution 4.17. The line L, (v) is given by

Lyy—,1,1,1)(v) :== {x| (x=x0) Av= 0}

ERERS]

[(x1 01 + X202 + X303 +x404) — (01 + 02 + 03 + (74)] AN(op+04)=0
[()Cl — 1)61 + (szr I)Ger (xg — 1)63 + ()C4 — 1)64] AN (Gl +0'4) =0

The exterior product (x —xo) Av = 2[(x —x0)v —v(x —xo)],

[(x2 = 1)o12+ (x3 —1)013 — (x4 — 1)014] = 0 (4.11)

From (Eq. 4.11), x; =R, xp = 1,x3 = 1, and x4 = 0. So, the points with the form
(R,1,1,1) are the solution. Note that the point (1,1, 1,1) meets the line L, (v).

Solution 4.18. The plane P, (u,v) is given by

P11 @Av) :={x[(x—xo) A(uAv) =0} (4.12)

[(x101 +x202) — (01 +202)| A (0102) =0 @.13)
[(xl—1)61—|—(x2—2)62]/\(6162)=0 '
From (Eq. 4.13), [(x1 — 1)o1 + (x2 — 2)02][0102] — [0102][(x1 — 1)o7 + (%2 —
2)oz] = 0. So, the points (x, —2,x; — 1) are the solution. Note that the point

(2,1,1,1,1) meets the plane Py _> 1 11,1y (uAV).
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Solutions for Chapter 5

Solution 5.1. The n degree of a w; form is the term that corresponds to the highest
degree in the form. w, (x,y,z) = 3+ 2xyz is a 0—form. w;(x,y,z) = 3+ 2xyz +4dz
is a 1—form. wy(x,y,z) = 3 4+ 2xyz + 4dz + dydz is a 2—form. Note this in-
cludes terms of a O—form and a 1—form. wi(x,y,z) = 2 + ¢%%*dx A dy A dz.
W4()C1,)C2,X3,X4) =eMdx; Ndy Nd3 Ndy.

Solution 5.2.

2y, 2 2. 2
A7) = (4 (€, + () (5.14
= 2xyze™ " 4 2z 4 xPyet :

Solution 5.3.

d (e"%’zdx +sinxyzdy) =d (e"zyzdx) +d(sinxyzdy)
= (€7).dx + (¢ )ydx + (exzyz);dx
+ (sinxyz)ydx + (sinxyz)ydx + (sinxyz).dx ~ (5.15)
= xzzexzyzdydx + xzyexzy “dzdx
+ xzcos xyzdydx 4 xy cos xyzdzdx

Solution 5.4.
d(@y+y’) = (Py+y )+ Py +3), + (Fy+°), 5.16)
= 2xy+3y* 40 '
Solution 5.5.
d(xX’y+y dydz) = (Fy+y'dydz), + (Xy+ Y dydz)),+ ('y + y’dydz). 517
= 3x%ydxdydz '
Solution 5.6.
—X —X ! —X ! —X !
d| ———dxdy | = | ———dxd —— _dxd ——— _dxd
<x2y+y2 * y) <x2y+y2 ) y>x+ (x2y+y2 i y>y " (x2y+y2 ) y)z
= 0dxdydz
(5.18)

Solution 5.7. (i)
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= d(xdx+ yzdy + x*ydz)

= d(xdx) +d(yzdy) +d(x>ydz)

= d(x)dx+d(yz)dy +d(xX’y)dz

= dxdx + zdydy + ydzdy + 3x*ydxdz + x dydz

(5.19)
= ydzdy + 3x*ydxdz + x*dydz

= —ydydz + 3x*ydxdz + x> dydz
= 3x%ydxdz + (x* — y)dydz
=3x%ydx Ndz+ (x> —y)dy Ndz

d(xdx) = (x),dx + (x)ydx+ (x),dx
=dxdx+0+0 (5.20)
= dxdx

d(yzdy) = (y2)dy + (yz)ydy+ (y2)idy 5.21)
= 0+ zdydy+ ydzdy ’
d(ydy) = (*y).dz+ (x3y)§,dz+ (**y)ldz

5 3 (5.22)
= 3x“ydxdz+x’dydz+0

(i)

d(dw) = d[3x*ydxdz + (x* — y)dydz]
d(3x*ydxdz) +d[(x* —y)dydz]
d(3x%y)dxdz+d (x> — y)dydz (5.23)

6xydxdxdz + 3x%d ydxdz + 3x% dxdydz — dydydz
0

d(3x°y)dxdz = (3x*y),dxdz + (3x%y)|dxdz + (3x%y)’dxdz (5.24)
= 6xydxdxdx + 3x*dydxdz 40 '
d(x* —y)dydz = (x* —y)\dydz + (x* — y)ydydz + (x* —y).dydz

, (5.25)
= 3x“dxdydz — dydydz+0

(iif)

(wAN) = (xdx +yzdy +x*ydz) A (xydz)
= X’ ydxdz + y*zxdydz + x> yx*dzdz (5.26)
= x*ydxdz + y*zxdydz

(v)
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d(x*ydxdz + y* zxdydz)
(xPydxdz) + d(y*zxdydz)
(¥y)dxdz +d(y*zx)dydz
= —x’dxdydz + y*zdxdydz
= (y’z—x*)dxdydz

dwAn)

=d
=d

d(x*y)dxdz = (X*y)\dxdz + (x*y)\dxdz + (x*y).dxdz
= 2xydxdxdz + x*dydxdz +0
= —x’dxdydz

d(y*zx)dydz = (y*zx)\dydz + (yzzx);dydz + (yzzx)gdydz

=y zdxdydz + 2yxzdydydz + y*xdzdydz
= y2zdxdydz

v)
From (iv) d(w A M) = dwAn + (=1 wAdn.

d(e™)dxdy = (€°),dxdy+ () dxdy + (%) dxdy
= —xzyexzyzdxdydz

Solution 5.8. (i)

1
Wi Awiy = §(W11W12 —Wiawi1)

= (3dx+dy)(e*dx+2dy)

=3e*dx Ndx+6dx Ndy+e*dy Ndx+2dy Ndy
= (6—¢€")dxNdy

= (6 —e¢")dxdy

(i)
d(6—e)NdxNdy = —e*dxNdxNdy
=0
Solution 5.9.
dxNdy = (—rsin0d0 + cos 8dr) A (rcos 0d6 + sin 0dr)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)

= —r?sin0cos 0dOdO — rsin® 0dOdr + rcos® 0drd0 + cos 0 sin Odrdr

= (—rsin®@ — rcos® 0)dO Ndr
=rdrNdo

(5.33)
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Solution 5.10. (i)
w4 Awyg = dxdx; (5.34)
(i)
dwg = d(dx;dx3)

= (dxldxg);l + (dxld)@);z + (d)cld)g);3 + (a’)cld)q);c4 (5.35)
= —dx1dx>dx3 + dx1dxzdxy
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Solutions for Chapter 6
3
Solution 6.1. / wo = / 3x% +2x = (1746) — (1° +2) =23 -3 =20.
D 1

2 2 2
Soluti0n6.2./w0:/ / / 2y —z=(22+8-2)—(1°+4—-1)=10
D 1 1 1

2 2
Solution 6.3. / wy = / xtdx + 3xydy — zdz = / (1), +3653(%), —1(3),dr =
D 0 0
2
7, 3 13
6t* +1* —33dr = | =t — =P | = —=.
/0 * 5 4 20
V1

T
sOlution6.4.%FoT(t)-T’(t)dtz/ (—tS,ZSint)-(1,4t3)dt=/ -+
T —
)

T —T
8¢%sinrdt = 16m(n> — 6

T

T T
Solution 6.5. /w1 :/ —yxdx+cosxdy:/ —t5(t),+cost(t4),dt:/
D -7

-7 -7

—1 + 43 costdt = 0.

2
Solution 6.6. /w1 / x4 +2xcosxdx-§ .

Solution 6.7. /W2 / / —ydxdy+x2dydzd9dr—/ / —rsm@ ;

P 2
—I—rcosea((ij’e)) der:/O /0 —r2sin 0 + 12 cos> 05in6dfdr = .
Note 6.1. 9(x.) =r, and 9(r.2) =sin#.

20n6) "M 90n0)
Solution 6.8. Using T(r,0) = (rcos 0, rsin8,3) with 8 € [0,27], r € [0,/2].

% T oT
#FoT(rG (,0)dS = / / ‘9— « T arae
91 ry ae

m oT T
:/0 /0 F(I(r0))- 50 < 590 (63

2 V2

/ / (rcos@,rsin®,1)-(0,0,r)drdo
o Jo

27.

1 rx 1
9
Soluti0n6.9.//wz:/ /x3+2xydydx:/ Hde=—.
D o Jo 0 20

Solution 6.10.

2 r2m rm
/W3:// / [xyzdzdydx])drd0d ¢ =
D 0o Jo Jo
(zyx)
// / 6¢8r9¢) - (637
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9(z,,x)
a(r,0,9)

1,1l
3
Solution 6.11.///W3:/ / / X7+ 2xydxdy = =.
D o Jo Jo 5
T r2n p3m pAm
Solution 6.12. //// wy = / / / / x1Xox3X5dx4 dx3 dxy dx; = 247°.
D o Jo Jo Jo

Note 6.2. =1
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Solutions for Chapter 7

. L2 9\ /4\ /1) 9 .
Solution 7.1. /// wo = / / / xyzdzdydx=| = || = )| = | = =. Inthe Heaviside-
D o Jo Jo 2/\2/)\2 2

Gibbs algebra, this integral represents a volume in the R? space or an area in R.
In the Geometric algebra this is a 0—form wy integral.

27 2
Solution 7.2. /dw1 :/ yxdx+2zydy+dz:/ (costsint(cost), +2sint
D 0
(smt) )dt = / (—sin®tcost + 2sint cost)dr. Now if F(x,y) = (yx,2zy,1), =
0

21
FoC:(costsintﬂsint,]),then/ (costsint,2sint, 1) - (—sint,cost,0) dz. So
0

both integrals are equivalent.

1 rr 1 r2m
Solution 7.3. / wy = / / [2zdxdy + 3xdydz + 4ydzdx] dOdr = / / [4
D 0 JO 0 JO

d(x,y) I(yz) | . 9(zx) B /1/2” B
9(.0) —|—rcosxa(r76) +rs1nxa(r76) dOdr =24 . o rd0dr =24r.

Note 7.3. 8(x,z) = 6r, 9(2) =0, and
7.

If F(x,y,2) = (2x,3y,4z), T(r,0) = (rcos 0, rsint, 1),r € [0,1],0 € [0,27], its Ja-
1 p2rm
cobian is 24, then 24 / / rd0 dr = 247. So both integrals are equivalent.

2r 2n
Solution 7.4./ w1:/ —4ydx+4xdydt:/ —4sint(4cost), +4cost
D 0 0
(4sint);dt

2r
:/ 16sin’¢ + 16cos’tdt = 167.
0

dw) =d(—4y Ndx) +d(4xNdy))

(84yd ey )/\dx+ (‘de Ly )/\dy

d dy d dy
94y dxNdx — @ dy Ndx (7.38)
Ox dy
+ % dxNdy+ % dyN\dy
ox dy
= 8dxdy

Now, we parameterize c¢(r,0) = (rcos0,rsin6,1)

2 2 a X,y
/dw1 // [8dxdy] dOdr—// {Sar }d@dr—// 8rdOdr

= 16m.
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I(xy) _
a(r,0)

Note 7.4.

Green'’s theorem is verified.

Solution 7.5.
Q0 op 2o
//(ax y )d dx-/ / 2xy* — xdydx
- 15
x(7) yo) _ dx dy
L;ww>m+gw@dt—émﬂqo roa®n®
+/8D P~Cz() +Q ()’Z
+/91) P 63()d +Q-c3(t)%
=040
4
T
Where ¢ (¢) = (¢,0),7 € [0,2], c2(¢) = (2—1,1),7 € [0,2], and ¢3(r) =
[2,0].
/aDle-l(t) / xy(0) +x*y*(2)dt
:/ 0(1)+0(0)dt
0

=0

2
0% = [ o=

:/2 —t(1=1) 4+ (1 —1)(*)dr

0
4

15

+x2y*(1)dt

dx
P-o(t)—+0
/302 ()dt

xy(1)+ x2y? (0)dt

' 0(0) +0(1)dt

[, ragioant - [
J

2
0

Carlos Polancoo

(7.39)

(0,1),t €

(7.40)
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Solution 7.6. /

2n 2r ,
wi :/ ydx+ezdy+xdzdt:/ sint(cost), +e'
aD 0 0

2
(sint), 4 cost(1),dt = / —sin’*t +ecostdr = —
0
dw) =d(yNdx)+d(e“ Ndy)+d(xNdz)

_ [ dy dy dy

_<8d+8 dy+adz>Adx
¢t de de

+ <c9xd+c9 d+azdz)/\dy

(2o
ox d
de

derderadz) Ndz
y dz
(7.41)
(% 9 9
= <8x) dxNdx+ (8y> dyNdx+ (8z> dzNdx
det oét

+ <<9 )dx/\dy+ <8y> dyNdy+ (82) dz Ndy

ox ox ox
= <3x> dxNdz+ (8y) dyNdz+ <8z> dzNdz
= —dxdy+ dzdx + e*dzdy

Now, we parameterize ¢(r,0) = (rcos6,rsin0,1)

2 2r
/dW1 // — dxdy + dzdx + e*dzdy] d(-)dr—// {

+8E ; E: ]dedr—l/ /Qﬂ—¢d6dr———
y)

d(x, d(z,x) _ a(z,y)
50n0) " a(ne) ~ 2 5 e) =Y

Stokes’s theorem is verified.

Note 7.5.

Solution 7.7. If T(0,r) = (rcost,rsint, 1 — rcost — rsint),

J(Ty,T;) |rcos6 sin6
2(6,r)  |rsin® —rcos@

(7.42)

—rsin@® sinB (7.43)

rsin® —rcos 9‘

_ |~7sin@ sinO
" | rcos® sin@

(7.44)
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27
//dw / / &—R—a—Q ddz+(a£—a—R)dzd +(a£—i)dxd

dz  ox ox dy
2 aR aQ (T, T)
[ TG SDeren G
oP aR (T, T)
R A S TONS
_ [T 9T T, Tr) (T, Ty)
_/0 /0 0% T 0%, T V%, 904
(7.45)
dy dy 2 )
/aDP'C() +O-c) 2 +Rc() % = /0 (cost)(— sint)
+ (sint)(cost)
+ (1 —cost —sin?)(sint — cost)dt
=0
(7.46)

2n 2n
Solution 7.8. /W2 / / [xzdxdy — xydxdz — dydz)d0d ¢ = / / {

cosGsmqﬁcosq)aE 0) —i—cosGstﬁsmGsmqbaEZ x)) + g((r G%]d9d¢

2
:// ded(]):—cosGsin¢cos¢sin¢cos¢—cos@sin(psin95in¢sin2¢sin9
0o Jo

T2

—sinqucosBdeq):—// cos O cos® ¢ sin® ¢ 4 cos O sin’ ¢ sin” O cos O
0 Jo

+sin’ ¢ dOd¢ = 0.

a(x,y)
2(6,9)

d(z,x)

adzy) _ . »
2(0,0) =sin“ ¢

9(6,9)

Note 7.6. = —sin? ¢sin 0, and

= —sin¢cos ¢,

cos 0.
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dwy = —d(dydz) + d(xydzdx) + d(xzdxdy)

a1 a1 d1
— (~5dx— H- FoA N dyndz)

oxy dxt dxy dxy

+ (7 X Td + Td ) (dz/\dx)
8xz axz 0xz

dl dl dl
= ——dx(dy Ndz) — =—dy(dy Ndz) — =dz(dy Ndz)

dx dy dz
+ 99 gz nx) + 22 ay(de nd) + P2 dn(dz ) (7.47)
ox ¢ dy ez 9z “H\E '
+ P2 gax Ady) + ZZay(dx ndy) + S dz(dx A dy)
ax)cxyayyxyazzxy
al al al
—&—dxdydz - a—dydydz - a—dzdydz
+ aa—xdxdzdx—&- O;—dydzdx—i— aa—dzdzdx
oxz
+ %dxdxdy + dydxdy + a7dza7xdy
ox dy dz
= 2xdxdydz

Ahora aplicamos la parametrizacion T'(p, 6,¢) = (pcosOsin@,psinOsin ¢,
pcose), 6 €10,27], ¢ € [0,7], and p € [0, 1].

2 2n
/dwz /// 2xdxdydzd@d¢ dp = /// 2p cosBsin ¢

& /// pcosp2pcosOsinpdOdodp = 2p cos @ sin@

d(p,0 ¢
dodp =
Note 7.7. 8(()6 g’ ¢)) pcoso.

Gauss’s theorem is verified.

/ ///ap 20 gR)dddx

1 x2
7.48
/ / / 8xyzdzdydx (7.48)
V1 1 XZ,)

Solution 7.9.
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2
// dQ = // PoT T>’T)+Q Ta(TZ’E)-l—RoTa(E’Ty)dBd(p
aQ

9) 9(6,9) 9(6,9)
" (1, T) (T, T)
/ / cos? 6 sin’ 0] &(Gy 9) + sin® @ sin’ (0] FICRD + cos? ¢
(T, Ty)
3(6.9) dod¢

2n
:// (cos® @'sin® ¢)(—cos @sin? ¢) + (sin® O sin” ¢) (— sin” §)
0 Jo
+ (cos? ¢)(—sin’ O sin ¢ cos ¢ — cos O sin ¢ cos ¢)dOd

=0
(7.49)
Note 7.8. The sign depends on the orientation.
d(Ty,T.)  |cosOcos¢ sincos@
2(0,r) 0 —sin¢ (7.50)
= —cosBsin2¢
AT, T,) 0 —sing
d(0,r) |—sinBsin¢ cosOcos¢ (7.51)
= —sin’¢
AT Ty) _
d(0,r) | cos@sing sinfcos¢ (7.52)

= —sin” B sin ¢ cos ¢ — cos> O sin P cos P

Solution 7.10.

1 r2 3
/W3=/ / / [x3X4dx1dx2dx3]du1du2du3
D
/// [u1u3 xl’x2’x3)}du1du2du3
M1>u27“3) (7.53)
:/ / / u1u3du1du2du3
0 JOo JO
2

2
9 (x1,x2,x3)

Note 7.9. —————- =1.
d(uy,uz,u3)
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dws = d(x1x4 dx1dxpdxs + xpx3 dxzdxadxy)

0X1x4 0X1x4 0X1x4 0x1x4
— d d d
( 8x1 1t 8x2 w2t aX3 3+ a)C4

0 d d d
X2X3 dx; + X2X3 dxy + X2X3 dxs + XX3
Ix| dxp dx3 x4

d)C4) A (dx1 Adxy /\dxg)

+( dxa) N (dx3 Ndxg Ndxy)

8x1X4
ox1

9x1x4
a)C3
0x2x3 0x2X3

= dxi(dxz Ndxq Ndxy) + dxy(dx3 Ndxy ANdxy)
ox1 x>

0x2X3 0x2x
o dxs (d)ﬁ ANdx4 Ndxy ) oxs

———dx(dx; Ndxp Ndx3) + ;IM dxy(dx) Ndxy Adx3)
X2

ox
1 dxy (dx1 ANdxy N\ dX3)
aX4

+ dxs (dx1 Adxy Ndxz) +

d)C4 (d)C3 ANdxg N\ dxl)

+

aX1X4
oxy
8x1 X4
ox3
0x2x3
oxy
8x2x3
ox3

dxi
dxidx1dxydxs + Al dxydxidxydxs

(9)62
dx4dx1 dedX3

dxy
dxzdx dxydx; +
&)C4

o0
dxidxzdxsdx) + Zas dxydxzdxsdx;

x;

dx;
——dx3dxzdxsdx| + dX4d)C3d)C4dX1

0x4

— (x1 + X3) dxidxrdxzdxy
(7.54)

Now, we parameterize T(ul,ug,ug,m) (u1,up,uz,uq)uy € [0,04], uy € [0, aa],
us € [0 063 andu4€ 0, 064

9
/dW3 / / / / (x1 +x3) dxdxydxzdxs = ok Where o = 1,0 =
T or 0y = — (\[ 2)

The Fundamental Theorem of Calculus is verified.

2063—3 and oy = —1—

117



Exterior Calculus: Theory and Cases, 2021, 118-119 118

References

[1] C. Polanco, Advanced Calculus: Fundamentals of Mathematics. Bentham
Science Publishers, -Sharjah, UAE. ISBN 9789811415081, 2019.

[2] E. Chisolm, “Geometric algebra,” arXiv, vol. 5935, no. 205, pp. 1-92, 2012.

[3] E. Catsigerasi, “Derivada exterior de formas diferenciales.” 2020. [Online].
Available: https://www.youtube.com/watch?v=cwoLDV8NkFI

[4] J. Marsden and A. Tromba, Vector Calculus. New York, NY 10004, USA:
W H Freeman And Company, 2011.

[5] J. Hefferson, Linear Algebra. Colchester, VT 05439, USA: Saint Michael’s
College, 2014, http://joshua.smcvt.edu/linearalgebra/BOOK .pdf.

[6] A. Malcev, Foundations of Linear Algebra. New York, NY 10004, USA:
W H Freeman And Company, 1963.

[7] W. Rudin, Principles of Mathematical Analysis.
New York, NY 10020, USA: McGraw-Hill, 1964,
https://notendur.hi.is/vael1/%C3%9Eekking/principles_of_mathematical a
nalysis_walter_rudin.pdf.

[8] W. S. Massey, “Cross products of vectors in higher dimensional euclidean
spaces,” The American Mathematical Monthly, vol. 90, no. 10, pp. 697-701,
12 1983.

[9] R. Ablamowicz and G. Sobczyk, “Lecture series of clifford algebras and their
applications,” May 18 2002.

[10] C. Pereyda-Pierre and A. Castellanos-Moreno, “La derivada geométrica y el
calculo geométrico.” Memorias de la Semana de Investigacion y Docencia en
Matemadticas, Universidad Auténoma de Sonora, vol. 60, no. 4, pp. 115-120,
5.

[11] J. Rotman, Advanced Modern Algebra.  Upper Saddle River, NJ 07458,
USA: Pearson Education, 2002.

[12] D. Cherney, T. Denton, R. Thomas, and A. Waldron, Linear Algebra, Katrina
Glaeser and Travis Scrimshaw., Ed. Davis, CA 95616, USA: Creative Com-
mons Attribution-NonCommercial-ShareAlike 3.0 Unported License, 2013,
https://www.math.ucdavis.edu/ linear/linear-guest.pdf.

[13] R. Beezer, A first course of Linear Algebra. Tacoma, WA 98416, USA: Uni-
versity of Puget Sound, 2017, http://linear.ups.edu/jsmath/0220/fcla-jsmath-
2.201i61.html.

[14] F. A. Jr. and E. Mendelson, CALCULUS. SCHAUM'’S outlines McGraw-
Hill, -USA.

[15] R. Bartle and D. Sherbert, Introduction to Real Analysis. John & Wiley
Sons, Inc., USA.

[16] C. J. L. Doran, “Geometric algebra and its application to mathematical
physics,” Ph.D. dissertation, Sidney Sussex College, University of Cam-
bridge, 1994.

[17] A. Castellanos-Moreno, Introduccion al Algebra y al Cdlculo Geométrico.
Departamento de Fisica, Universidad Auténoma de Sonora, 2013.

[18] M. R. Spiegel, Theory and Problems of Advanced Calculus. ~Schaum Pub-
lishing CO. New York, N.Y. U.S.A., 1967.

[19] G. Wilkin, “Examples of stokes’ theo-
rem and gauss’ divergence theorem,” 2018,
http://www.math.jhu.edu/graeme/files/math202_spring2009/StokesandGau
ss.pdf.

Carlos Polanco
All rights reserved-© 2021 Bentham Science Publishers



References Exterior Calculus: Theory and Cases 119

[20] J. Smith, “Making sense of adding bivectors,”’
https://mx.linkedin.com/in/james-smith-1b195047, 2018.

[21] M. Brittenham, “The surface area of a torus (i.e, doughnut).” 2012,
https://www.math.unl.edu/mbrittenham?2/classwk/208s12/inclass/surface.ar
ea.of.a.torus.pdf.

[22] S. Ramos, J. A. Judrez, and G. Sobczyk, “From vectors to geometric algebra
4, page 17.” 2018, https://arxiv.org/pdf/1802.08153.pdf.

[23] J. Suter, “Geometric algebra primer,” http://www.jaapsuter.com/geometric-
algebra.pdf, 2003.

[24] S. Ramos-Ramirez and J. A. Judrez-Gonzélez, “De vectores al algebra
geométrica,” https://www.garretstar.com/GA3mex%20(ESP).pdf, 2018.

[25] J. Vince, Geometric Algebra: An Algebraic System for Computer Games and
Animation. Springer Dordrecht Heidelberg London New York.

[26] Wikipedia, “Intersection of a line and a plane,” 2018,
https://en.wikipedia.org/wiki/Geometric_algebra.

[27] “Exterior derivative,” 2020. [Online]. Available:
https://en.wikipedia.org/wiki/Exterior derivative

[28] S. Schmit and S. Griitzmacher, “Differential forms in R”")” 2015,
https://www.mathi.uni-heidelberg.de/lee/Stehpan_Sven.pdf.

[291 W. G. Faris, “Vector fields and differential forms,” 2008,
http://math.arizona.edu/ faris/mathanalweb/manifold.pdf.

[30] G. Ippolito, S. Lanini, P. Brouqui, A. Di caro, and F. Vairo, “Ebola: missed
opportunities for europe—africa research,” Lancet Infect Dis, vol. 15, pp.
1254-1255, 2015.

[31] J. Castaiion Gonzalez, C. Polanco, R. Gonzalez Gonzilez, and J. Car-
rillo ruiz, “Surveillance system for acute severe infections with epidemic
potential based on a deterministic-stochastic model, the stochcum method,”
Cirugia y Cirujanos, vol. In press, 2020.

[32] R. Watkins, S. Eagleson, B. Veenendaal, G. Wright, and A. Plant, “Apply-
ing cusum-based methods for the detection of outbreaks of ross river virus
disease in western australia,” BMC Med Inform Decis Mak, 2008.

[33] Wikipedia, “Ley de ampere — wikipedia, la enciclopedia libre,”
2020, [Internet; descargado 29-agosto-2020]. [Online]. Available:
https://es.wikipedia.org/w/index.php?title=Ley de’ Amp%C3%A8re&oldid
=128381461



Exterior Calculus: Theory and Cases, 2021, 120-121

Subject Index

0—Forms, 68

1—Forms, 68

2—Forms, 69

3—Forms, 69

Div(dw,), 77

Grad(dwy), 76

Rot(dw,), 76

k—Forms, 70

k—Riemann integral case, 88

Ampere’s Law, 106

Associativity in G, 59
Associativity on G, 26
Associativity on G3, 44

Bivector, 21
Blades: < a >, 28, 46, 61

Clifford algebra, 19, 37, 55

Component: s 29, 47,62

Component: v, , 29, 47, 62

Counter-clockwise orientation, 12

Counter-clockwise orientation
boundary, 12

Counter-clockwise orientation
surface, 12, 13

Derivative of 0—Forms, 71
Derivative of 1—Forms, 71
Derivative of 2—Forms, 73
Derivative of 3—Forms, 74
Derivative of k—Forms, 75
Differential forms, 67, 68
Differentiation, 67
Differentiation of Forms, 70
Distributivity a(b+c)b on G, 25
Distributivity a(b+c)b on G3, 43

Carlos Polanco

Distributivity a(b+c)b on G, 58
Distributivity a A (b+c¢) in G, 58
Distributivity a A (b+¢) on Gy, 25
Distributivity a A (b+¢) on G3, 43
Divergence, 77

Divergence associated to dw,, 77
Divergence of a function, 10
Double Riemann integral, 88
Double Riemann integral case, 85
Dual: Ia,, 27, 45, 60

Early
Warnings, 101
Emerging
Diseases, 101
Epidemic

Potential, 101, 102
Surveillance system, 102
Epidemic surveillance
System, 102
Systems, 101, 102
systems, 101
Exterior derivative, 67

Fever, 102
Fundamental theorem of Calculus,
91

Gauss’ theorem in R, 13
Geometric algebra on G, 19
Geometric algebra on G3, 37
Geometric algebra applications, 101
Geometric algebra on G, 19
Geometric Algebra on G3, 37
Geometric Algebra on G, 55
Geometric algebra on G, 55
Geometric product, 21

All rights reserved-© 2021 Bentham Science Publishers

120



Subject Index

Geometric product on G, 21

Geometric product on G3, 39

Geometric product on G,,, 57

Geometric Representation of a Line
in R”, 63

Geometric Representation of a line
on R2, 31

Geometric Representation of a line
on R3, 49

Geometric Representation of a
Plane in R", 64

Geometric representation of a plane
on R?, 33

Geometric representation of a plane
on R3, 50

Gradient, 76

Gradient associated to dwg, 76

Grassmann algebra, 19, 37, 55

Green’s theorem in R2, 12

Inner product on G, 20
Inner product on G3, 38
Inner product on G,,, 57
Inner product: v-w, 5
Integration, 81

Integration of 0O—Forms, 81
Integration of 1—Forms, 82
Integration of 2—Forms, 83
Integration of 3—Forms, 85
Integration of k—Forms, 86

Line integral, 78, 88, 96
Line integral of F, 11

Mapping a 1 —Form case, 82
Mapping a 2—Form case, 84
Mapping a 3—Form case, 85
Mapping a k—Form case, 87
Mathematical epidemiology, 101
Multiplicative inverse in G, 59
Multiplicative inverse on G;, 26
Multiplicative inverse on G3, 44
Multivector, 58

Norm in R", 5
Normal vector, 13
Normed vector space: V(F), 3
Number of contacts
Network, 102

Oriented closed curve, 13, 92
Oriented closed surface, 11, 84, 89
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Oriented region, 11

Oriented surface, 13

Oriented trajectory, 11
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Reflections in G3, 48
Reflections in G,,, 62
Reflections on G», 29

Reverse element a', 27, 45, 60
Reverse element in G,;, 60
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Rotational of a function, 9
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Socio-demographic

Factors, 102
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