


 

 

 

 

Higher Mathematics for Science, 

Technology and Engineering 

 
Authored By 

 
S. G. Ahmed 

Department of Engineering Physics and Mathematics 

Faculty of Engineering 

Zagazig University 

Egypt 



 

 

 

 
 

 
 

This is an agreement between you and Bentham Science Publishers Ltd. Please read this License Agreement 

carefully before using the ebook/echapter/ejournal (“Work”). Your use of the Work constitutes your 

agreement to the terms and conditions set forth in this License Agreement. If you do not agree to these terms 

and conditions then you should not use the Work. 

 

Bentham Science Publishers agrees to grant you a non-exclusive, non-transferable limited license to use the 

Work subject to and in accordance with the following terms and conditions. This License Agreement is for 

non-library, personal use only. For a library / institutional / multi user license in respect of the Work, please 

contact: permission@benthamscience.org. 

 

  Usage Rules:  
 

1. All rights reserved: The Work is the subject of copyright and Bentham Science Publishers either owns the 

Work (and the copyright in it) or is licensed to distribute the Work. You shall not copy, reproduce, modify, 

remove, delete, augment, add to, publish, transmit, sell, resell, create derivative works from, or in any way 

exploit the Work or make the Work available for others to do any of the same, in any form or by any 

means, in whole or in part, in each case without the prior written permission of Bentham Science 

Publishers, unless stated otherwise in this License Agreement. 

2. You may download a copy of the Work on one occasion to one personal computer (including tablet,  

laptop, desktop, or other such devices). You may make one back-up copy of the Work to avoid losing it. 

The following DRM (Digital Rights Management) policy may also be applicable to the Work at Bentham 

Science Publishers’ election, acting in its sole discretion: 

● 25 ‘copy’ commands can be executed every 7 days in respect of the Work. The text selected for copying 
cannot extend to more than a single page. Each time a text ‘copy’ command is executed, irrespective of 
whether the text selection is made from within one page or from separate pages, it will be considered as a 

separate / individual ‘copy’ command. 
● 25 pages only from the Work can be printed every 7 days. 

 

3. The unauthorised use or distribution of copyrighted or other proprietary content is illegal and could subject 

you to liability for substantial money damages. You will be liable for any damage resulting from your misuse 

of the Work or any violation of this License Agreement, including any infringement by you of copyrights or 

proprietary rights. 

 

Disclaimer: 
 

Bentham Science Publishers does not guarantee that the information in the Work is error-free, or warrant that 

it will meet your requirements or that access to the Work will be uninterrupted or error-free. The Work is 

provided "as is" without warranty of any kind, either express or implied or statutory, including, without 

limitation, implied warranties of merchantability and fitness for a particular purpose. The entire risk as to the 

results and performance of the Work is assumed by you. No responsibility is assumed by Bentham Science 

Publishers, its staff, editors and/or authors for any injury and/or damage to persons or property as a matter of 

products liability, negligence or otherwise, or from any use or operation of any methods, products instruction, 

BENTHAM SCIENCE PUBLISHERS LTD. 

End User License Agreement (for non-institutional, personal   use) 



 

 

 

 
advertisements or ideas contained in the Work. 

 

Limitation of Liability: 
 

In no event will Bentham Science Publishers, its staff, editors and/or authors, be liable for any damages, 

including, without limitation, special, incidental and/or consequential damages and/or damages for lost data 

and/or profits arising out of (whether directly or indirectly) the use or inability to use the Work. The entire 

liability of Bentham Science Publishers shall be limited to the amount actually paid by you for the Work. 

 

  General:  
 

1. Any dispute or claim arising out of or in connection with this License Agreement or the Work (including 

non-contractual disputes or claims) will be governed by and construed in accordance with the laws of the 

U.A.E. as applied in the Emirate of Dubai. Each party agrees that the courts of the Emirate of Dubai shall 

have exclusive jurisdiction to settle any dispute or claim arising out of or in connection with this License 

Agreement or the Work (including non-contractual disputes or claims). 

2. Your rights under this License Agreement will automatically terminate without notice and without the  

need for a court order if at any point you breach any terms of this License Agreement. In no event will any 

delay or failure by Bentham Science Publishers in enforcing your compliance with this License Agreement 

constitute a waiver of any of its rights. 

3. You acknowledge that you have read this License Agreement, and agree to be bound by its terms and 

conditions. To the extent that any other terms and conditions presented on any website of Bentham Science 

Publishers conflict with, or are inconsistent with, the terms and conditions set out in this License 

Agreement, you acknowledge that the terms and conditions set out in this License Agreement shall prevail. 

 

Bentham Science Publishers Ltd. 

Executive Suite Y - 2 

PO Box 7917, Saif Zone 

Sharjah, U.A.E. 

Email: subscriptions@benthamscience.org 



 

 

 

 

CONTENTS 
 

PREFACE ...........................................................................................................................................................................  i  

CONFLICT OF INTEREST .....................................................................................................................................  i  

ACKNOWLEDGEMENTS .......................................................................................................................................  i  

BIBLOGRAPHY ...............................................................................................................................................................  ii  

 CHAPTER 1  FUNCTIONS OF ONE VARIABLES ................................................................................................... 3  

1. INTRODUCTION .................................................................................................................................................  3  

2. CALCULUS IN GENERAL .................................................................................................................................  3  

3. FUNCTION DEFINITION ..................................................................................................................................  3  

4. CONSTANTS AND VARIABLES ...................................................................................................................... 4 

4.1. Constant .................................................................................................................................................. 4 

4.2. Variable ..................................................................................................................................................   5  

5. ODD AND EVEN FUNCTIONS.........................................................................................................................   6  

Even function .....................................................................................................................................................  6 

Odd function .......................................................................................................................................................  . 6  

The following facts are important when dealing with odd and even functions: ...............................................  7 

6. DOMAIN AND RANGE ......................................................................................................................................   8  

7. SPECIAL TYPES OF FUNCTIONS ................................................................................................................  10 

7.1. Polynomial functions..................................................................................................................................  10 

7.2. Linear functions ..........................................................................................................................................  10 

7.3. Quadratic functions ....................................................................................................................................  10 

7.3.1. Special cases ...................................................................................................................................  11 

7.3.1.1 The circle .................................................................................................................................  11 

7.3.1.2 The parabola ...........................................................................................................................  12 

8. COMPOSITION OF FUNCTIONS ..................................................................................................................  13 

9.   INVERSE FUNCTIONS ..................................................................................................................................  14 

10. BASIC ELEMENTARY FUNCTIONS ..........................................................................................................  16 

10.1.  The power function  ................................................................................. ........................................ 16 

10.2.  The exponential function ..................................................................................................................    16 

Properties of exponents .............................................................................................................................  17 

10.3. The Logarithmic function ........................................................................................................................ . 17  

Properties ................................................................................................ .................................................  18  

10.4. The trigonometric function .....................................................................................................................  .20 

10.4.1. The sine function ..........................................................................................................................  .20 

10.4.2. The cosine function ......................................................................................................................  .22 

10.4.3. The tangent function .....................................................................................................................   23 

11.  INVERSE TRIGONOMETRIC FUNCTIONS ...........................................................................................   24 

11.1. The Inverse Sine Function (arcsin) ..........................................................................................................   24 

12.2. The inverse cosine function (arccos) ......................................................................................................   25 

12.3. The Inverse Tangent Function (arctan) ...................................................................................................   26 

12.4. The Inverse Cosecant Function (arccsc) .................................................................................................   26 

12.5. The Inverse Secant Function (arcsec) .....................................................................................................  27 
12.6. The Inverse Cotangent Function (arccot) ...............................................................................................  28 



 

 

 

 

 
 

14. INVERSE HYPERBOLIC FUNCTIONS ...................................................................................................... 35 

15. LIMITS OF FUNCTIONS ............................................................................................................................... 35 

15.1. BASIC DEFINITION OF A LIMIT ........................................................................................................ 35 

Step (1)........................................................................................................................................................36 

Step (2).......................................................................................................................................................36 

Step (3).......................................................................................................................................................37 

16. RIGHT AND LEFT HAND LIMITS ..............................................................................................................37 

17. LIMITS AT INFINITY .................................................................................................................................... 41 

Case (1) 

Case (2) 

Case (3) 

......................................................................................................................................................... 41 

......................................................................................................................................................... 42

.......................................................................................................................................................  43 

SUPPLEMENTARY PROBLEMS .......................................................................................................................  43 

 CHAPTER 2  DERIVATIVES AND THEIR APPLICATIONS ............................................................................  52 
1. DEFINITION OF DERIVATIVE .....................................................................................................................  52 

2. RIGHT AND LEFT HAND DERIVATIVES...................................................................................................  53 

3. CONTINUITY OF DIFFERENTIABLE FUNCTIONS .................................................................................  55 

Theorem .............................................................................................................................................................. 55  

Proof ..................................................................................................................................................................  56  

4. RULES OF DIFFERENTIATION ....................................................................................................................  58  

5. DERIVATIVE OF TRIGONOMETRIC FUNCTIONS .................................................................................  59  

6. DERIVATIVE OF INVERSE TRIGNOMETRIC FUNCTIONS .................................................................   63 

Proof ..................................................................................................................................................................   64 

7. DERIVATIVE OF LOGARITHM FUNCTION .............................................................................................  67 

8. DERIVATIVE OF EXPONENTIAL FUNCTIONS .......................................................................................  72 

9. DERIVATIVE OF HYPERBOLIC FUNCTIONS THE SINH FUNCTION ...............................................  73 

10. DERIVATIVE OF INVERSE HYPERBOLIC FUNCTIONS .....................................................................  74 

10.1.                The Inverse Sinh Function  .....................................................................................................................  74 
Proof ..................................................................................................................................................................  74 

Summary of derivatives of inverse hyperbolic functions .................................................................................  75 

11. IMPLICIT DIFFERENTIATION ...................................................................................................................  76 

12. DIFFERENTIAL OF A FUNCTION ..............................................................................................................  79 

13. RELATION BETWEEN DIFFERENTIAL AND DERIVATIVE ..............................................................   81 

Theorem .............................................................................................................................................................   81 

Theorem .............................................................................................................................................................   81 

Corollary ............................................................................................................................................................   81 

14. APPROXIMATE CALCULATION OF SMALL INCREMENTS OF A FUNCTION ............................   81 

15. INDETERMINATE FORMS AND L’HOPITAL’S RULE .........................................................................  84 

FORM (1) ..........................................................................................................................................................  84 

Theorem .............................................................................................................................................................  84 

FORM (2) ..........................................................................................................................................................  85 

FORM (3) ..........................................................................................................................................................  87 

16. TAYLOR AND MACLAURIN SERIES ........................................................................................................  89 

Definition ...........................................................................................................................................................  89 

17. TAYLOR POLYNOMIALS ............................................................................................................................  90 

18. APPLICATIONS .............................................................................................................................................    92 

13. HYPERBOLIC FUNCTIONS ........................................................................................................................  31 



 

 

 

Application (1): Tangent to a Curve ............................................................................................................... 92 

Definition ................................................................................................................................................. 92
Procedure to evaluate the slope .............................................................................................................. 92 

Application (2) ................................................................................................................................................ 94 

Sound Pressure and Decibels.................................................................................................................. 94 

Application (3) ................................................................................................................................................ 96 

Mechanical application ........................................................................................................................... 96 

SUPPLEMENTARY PROBLEMS ................................................................................................................... 99 

 CHAPTER 3  PARTIAL DIFFERENTIATION AND THEIR APPLICATIONS ............................................... 109 

1. INTRODUCTION ............................................................................................................................................. 109 

2. RULE FOR FINDING PARTIAL DERIVATIVES ...................................................................................... 110 

3. HIGHER ORDER PARTIAL DERIVATIVES ............................................................................................. 113 

4. TOTAL DERIVATIVE .................................................................................................................................... 125 

Proof ................................................................................................................................................................ 125 

Corollary .......................................................................................................................................................... 126 

5. DERIVATIVEF IMPLICIT FUNCTIONS .................................................................................................... 127 

6. JACOBIANS ...................................................................................................................................................... 129 

7. TAYLOR'S EXPANSION OF FUNCTIONS OF TWO VARIABLES ...................................................... 132 

8. ERRORS AND APPROXIMATIONS ............................................................................................................ 135 

9. TOTAL DIFFERENTIAL ................................................................................................................................ 135 

10. APPLICATIONS: HEAT EQUATION ........................................................................................................ 136 

11. MAXIMA AND MINIMA OF FUNCTION ................................................................................................. 137 

SUPPLEMENTARY PROBLEMS ..................................................................................................................... 139 

 CHAPTER 4  FUNDAMENTALS OF EQUATIONS AND EQUATION THEORY .......................................... 144 

1. INTRODUCTION ............................................................................................................................................. 144 

2. A POLYNOMIAL ROOTS .............................................................................................................................. 145
3. THEOREM OF THE REMAINDER .............................................................................................................. 145 

4. THE SYNTHETIC DIVISION ........................................................................................................................  146 

5. THE FACTOR THEOREM ............................................................................................................................. 151 

6. DESCARTE'S RULE ........................................................................................................................................ 154 

7. RELATION BETWEEN COEFFICIENTS AND ROOTS ......................................................................... 157 

8. EQUATIONS TRANSFORMATION ............................................................................................................. 160 

9. THE IRRATIONAL ROOTS .......................................................................................................................... 165 

10. THE INTERMEDIATE VALUE THEOREM ............................................................................................ 166 

11. HORNER METHOD ...................................................................................................................................... 166 

12. THE IMAGINARY ROOTS .......................................................................................................................... 169 

13. THE REPEATED ROOTS ............................................................................................................................. 170 

14. THE CUBIC EQUATION .............................................................................................................................. 172 

Case (1) 

Case (2) 

Case (3) 

....................................................................................................................................................... 173 

....................................................................................................................................................... 173 

....................................................................................................................................................... 173 

SUPPLEMENTARY PROBLEMS ..................................................................................................................... 174 



4.1.2. The Diagonal Matrix .....................................................................................................................  189 

4.1.3. The Upper Triangular Matrix .......................................................................................................  189 

4.1.4. The Lower Triangular Matrix ....................................................................................................... 190
4.1.5. The Zero Matrix ............................................................................................................................ 190 

4.1.6. The Identity Matrix ........................................................................................................................ 190 

4.2. MATRIX OPERATIONS ........................................................................................................................ 190 

4.2.1. Addition ......................................................................................................................................... 191 

4.2.2. Subtraction .................................................................................................................................... 191 

4.2.3. Matrix Multiplication .................................................................................................................... 191 

Some Important Properties ..................................................................................................................................192 

5. MATRIX TRANSPOSE ................................................................................................................................... 192 

6. MATRIX DETERMINANT ............................................................................................................................. 195 

6.1. Determinant of a 2x2 matrix .................................................................................................................... 195 

6.2. Determinant of a 3x3 matrix .................................................................................................................... 196 

7. MATRIX INVERSION ..................................................................................................................................... 197 

8. SOLVING SYSTEM OF EQUATIONS USING MATRICES ..................................................................... 198 

8.1. Inverse Matrix Method ............................................................................................................................. 199 

9. ELEMENTARY TRANSFORMATION ........................................................................................................  201 

10. ELEMENTARY MATRICES .......................................................................................................................  204 

Case (1) ...................................................................................................................................................  210 

Case (2) ...................................................................................................................................................  210 

Case (3) ...................................................................................................................................................  211 

11. LINEAR HOMOGENEOUS EQUATIONS ................................................................................................  211 

Case (1) ............................................................................................................................................................  211 

Case (2) ............................................................................................................................................................  211 

12. CHARACTERISTIC EQUATION ...............................................................................................................  212
SUPPLEMENTARY PROBLEMS ..................................................................................................................... 222 

 CHAPTER 6 PARTIAL FRACTIONS ................................................................................................................ 226 

1. INTRODUCTION .........................................................................................................................................226 

2. DEFINITION OF THE PROPER FRACTION ....................................................................................... 226 

3. RATIONAL FRACTION ............................................................................................................................ 226 

FINDING ROOTS OF THE DENOMINATOR IN A FRACTIONAL FUNCTION ................................228 

PARTIAL FRACTIONS ..................................................................................................................................229 

Case of Linear Denominators .....................................................................................................................229 

 CHAPTER  5    THEORY  OF  DETERMINANTS  AND  MATRICES  AND  THEIR  APPLICATIONS    IN 

LINEAR EQUATION THEORY ................................................................................................................................ 180 

1. THE DETERMINANTS ................................................................................................................................... 180 

2. SOME FUNDAMENTALS ..............................................................................................................................  181 

2.1. The Minor .................................................................................................................................................  181 

2.2. The Cofactor ............................................................................................................................................. 182 

2.3. The Laplace expansion ............................................................................................................................. 182 

3. SOME PROPERTIES OF DETERMINANTS .............................................................................................. 184 

4. THE MATRICES .............................................................................................................................................. 188 

Definition ......................................................................................................................................................... 188 

4.1. Types of Matrices ..................................................................................................................................... 189 

4.1.1. The Symmetric Matrix ................................................................................................................... 189 



 

 

 

 

 

 

10. INNER (DOT) PRODUCT………………………………………………………………………………… 265  

10.1. Inner Product in Terms of the Angle ..................................................................................................... 265
10.2. Inner Product in Terms of their Components ........................................................................................  266 

11. VECTOR (CROSS) PRODUCT .................................................................................................................... 266
12. VECTOR AND SCALAR FUNCTIONS ......................................................................................................  267 

12.1. Vector Function ......................................................................................................................................  267 

12.2. Scalar Function ....................................................................................................................................... 268 

13. DIVERGENCE OF A VECTOR FIELD ...................................................................................................... 269 

13.1. Curl of a Vector Field ............................................................................................................................ 270
14. LINE INTEGRAL ........................................................................................................................................... 271 

15. GREEN'S THEOREM IN THE PLANE ...................................................................................................... 273 

Green's Theorem ............................................................................................................................................. 273 

16. REPRESENTATION OF SURFACES ......................................................................................................... 276 

17. PARAMETRIC REPRESENTATION OF SURFACES ............................................................................ 276 

18. SURFACE INTEGRALS ............................................................................................................................... 277 

19. GAUSS DIVERGENCE THEOREM ........................................................................................................... 280 

Gauss's Theorem ............................................................................................................................................. 280 

SUPPLEMENTARY PROBLEMS ..................................................................................................................... 282 

First Method ............................................................................................................................................  229

Second method .........................................................................................................................................  234
 

RATIONAL FUNCTIONS WITH REPEATED LINEAR DENOMINATOR ..............................................  240
 

CASE OF A QUADRATIC FACTOR IN THE DENOMINATOR ................................................................  240
 

RATIONAL FUNCTION WITH REPEATED QUADRATIC ROOTS ........................................................  242
 

SUPPLEMENTARY PROBLEMS .....................................................................................................................  250
 

 CHAPTER 7  VECTOR DIFFERENTIAL AND INTEGRAL CALCULUS .......................................................  257 

1. VECTORS QUANTITIES ...............................................................................................................................  257 

1.1. VECTOR DEFINITION ..........................................................................................................................  257

1.2. VECTOR LENGTH .................................................................................................................................  258 

1.3. EQUALITY OF VECTORS ....................................................................................................................  258 

2. COMPONENTS OF UNIT VECTOR ............................................................................................................  258 

3. SPECIAL TYPES OF VECTORS ...................................................................................................................  259 

3.1. Zero – Null – Vector ................................................................................................................................  259 

3.2. Proper Vector ...........................................................................................................................................  259 

3.3. Position Vector .........................................................................................................................................  259 

4. GEOMETRICAL ADDITION AND SUBTRACTION OF VECTORS .....................................................  259

Theorem ...........................................................................................................................................................  261 

5. MULTIPLICATION AND DIVISION OF A VECTOR BY SCALAR ......................................................  262

6. DIVISION OF A SEGMENT IN A GIVEN RATIO .....................................................................................  262 

7. COMPONENTS OF VECTORS .....................................................................................................................  264 

8. ALGEBRAIC VECTOR ADDITION .............................................................................................................  264 

9. BASIC PROPERTIES OF VECTOR ADDITION ........................................................................................  264
 



 

 

 

 
 CHAPTER 8 SPECIAL FUNCTIONS………………………………………………………………………………290  

1. INTRODUCTION .......................................................................................................................................... … 290  

2. GAMMA FUNCTION ...................................................................................................................................... 290 

3. VALUES OF GAMMA FUNCTION .............................................................................................................. 292 

3.1. Case (1) Positive integer .......................................................................................................................... 292 

3.2. Case (2) Positive or Negative Fraction .................................................................................................... 292 

3.2.1. Case (2-1) Positive Fraction ......................................................................................................... 292 

3.2.2. Case (2-2) Negative Fraction ....................................................................................................... 293 

4. SOME SPECIAL VALUES ............................................................................................................................. 293
Proof ................................................................................................................................................................ 293 

Formula of Gamma function ........................................................................................................................... 296 

The original integral ........................................................................................................................................ 296 

Assumption ...................................................................................................................................................... 296
Simplification .................................................................................................................................................. 296
Differentiation ................................................................................................................................................. 296 

New limits of integration................................................................................................................................. 297
5. BETA FUNCTION ............................................................................................................................................ 297 

5.1. First form .................................................................................................................................................. 297 

5.2. Second form ............................................................................................................................................. 297 

5.3. Third form ................................................................................................................................................ 297 

5.4. Fourth form ............................................................................................................................................... 298 

5.4. Example .................................................................................................................................................... 298 

6. RELATION BETWEEN GAMMA AND BETA ...........................................................................................  302 

Proof ................................................................................................................................................................  302 

7. ERROR FUNCTION ........................................................................................................................................  305 

8. SERIES FORM OF ERROR FUNCTION .....................................................................................................  306
9. SOME PROPERTIES OF ERROR FUNCTION ..........................................................................................  313 

10. SPECIAL FORM FOR ERROR FUNCTION .............................................................................................  313 

11. BESSEL FUNCTIONS ...................................................................................................................................  314 

12. SPECIAL VALUES FOR BESSEL FUNCTIONS ......................................................................................  316 

Proof .................................................................................................................................................................  316  

13. DIFFERENTIATION IDENTITIES.............................................................................................................  318 

Proof ................................................................................................................................................................  318

14. RECURRENCE RELATIONS ......................................................................................................................  318 

15. ORTHOGONAL PROPERTY OF BESSEL ...............................................................................................  319 

Proof ................................................................................................................................................................  323 

16. LEGENDRE POLYNOMIALS .....................................................................................................................  325 

17. RODRIGUE FORMULA FOR LEGENDRE ..............................................................................................  326 

18. ORTHOGONAL PROPERTY OF LEGENDRE ........................................................................................  326 

19. SOME RECURRENCE RELATIONS .........................................................................................................  326 

20. LAGUERRE POLYNOMIALS .....................................................................................................................  329 

SUPPLEMENTARY PROBLEMS .....................................................................................................................  338 



 CHAPTER 9  REAL AND COMPLEX FOURIER SERIES .................................................................................. 342 

1. INTRODUCTION ............................................................................................................................................. 342 

2. PERIODIC FUNCTIONS ................................................................................................................................ 342 

3. FOURIER SERIES ........................................................................................................................................... 344 

4. ORTHOGONAL PROPERTY OF TRIGONOMETRIC SYSTEM ........................................................... 352 

5. EVEN AND ODD FUNCTION ........................................................................................................................ 352 

Definition ......................................................................................................................................................... 352 

6. FOURIER SINE AND COSINE SERIES ....................................................................................................... 354 

7. HALF-RANGE EXPANSION ......................................................................................................................... 356 

8. PRACTICAL HARMONIC ANALYSIS ....................................................................................................... 359 

Note that .......................................................................................................................................................... 360 

9. COMPLEX FOURIER SERIES ...................................................................................................................... 363 

SUPPLEMENTARY PROBLEMS ..................................................................................................................... 366 

REFERENCES .............................................................................................................................................................. 370 

 
SUBJECT INDEX ......................................................................................................................................................... 376 



 

 

PREFACE 

 
First of all let us believe and recall the neglected fact in our life that “the mother of all 

human science is Mathematics”. Dear students, readers, researchers and all those who 

respect mathematics, we introduce this book which may be helpful for them. Most of the 

researchers directed their own research work to the numerical analysis, due to the rapid 

communications and the advances in the computer programming. In the present book, we 

introduce some mathematical concepts that are widely important and can be considered on the 

basis of the numerical analysis. We presented the topics in a simple way of presentation and 

no proofs for theorems, because we decided to introduce the scientific material without 

complications related to those working on pure mathematics. Our main research work is the 

computational engineering and applied mathematics and numerical analysis; therefore, the 

present book can serve as the base of a future textbook in numerical analysis. We hope and 

pray that this work will last forever. 
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  CHAPTER 1 

Functions of One Variables 

Abstract: This chapter aims mainly to spot the lights on the basis of mathematics 

of function of one variable, different types, properties. Functions encountered 

nearly in everything in our daily live and even who works in the field of numerical 

analysis needs to be in a solid background of the mathematics of functions. 

Keywords: Domain, elementary basic functions, function definition, 

range. 

1. INTRODUCTION 

Functions arise in a great variety of situations, here are some examples, 

such as the area of the circle of a given radius, the surface area of a sphere 

and the volume of the sphere. The functions are also found in different 

branches of science and also can be found in our usual daily life. One can 

say, studying the functions are not restricted to mathematics but also in so 

many branches of science, technology and engineering [1]. 

2. CALCULUS IN GENERAL 

The following diagram shown in Fig. (1), is general layout of calculus 

during this stage of study. 

3. FUNCTION DEFINITION 

A function is defined as a relation between one or more independent 

variables and other dependent variable [2]. One important manner for the 
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reader is to differentiate between three different topics, function, relation 

and equation. I see the relation is the more general topic from which one 

can deduce the other two topics. 

 

  

Fig. (1). Calculus branches. 

4. CONSTANTS AND VARIABLES 

4.1. Constant 

A constant is a quantity, which has one and only one value. 
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Example 

The diameter and length of the circumference of a circle can attain 

different values depending on circumference. Consequently, generally 

speaking, variables, whereas the ratio of the length of the circumference 

to its diameter is a constant and equal to  [3]. 

4.2. Variable 

A dependent variable y is a function of a variable x if they are related so 

that to each value attained by x there corresponds a unique value of the 

other variable y [4]. 

Example 

For the following, determine if y can be considered a function or not. 

 

(1) 23 xy   

(2) xy  32  

Solution 

(1) Referring to the given formula, one can see easily that the 

exponent of the dependent variable y is one, while the exponent of the 

independent variable x is two, so for each two symmetric points over the 

horizontal axis, only single value over the vertical axis. So this equation is 

said to be a function. 

(2) Let us re-write the equation as xy  3 . Here, it is clear that 

for each value of x  there exist two values for y  which, is different 

from the basic definition of a single-valued function. So the given 

equation is a relation. 
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  CHAPTER 2 

Derivatives and Their Applications 

Abstract: The basis of the derivative for functions of one variable is introduced 

herein. The chapter started from the basic definition of the derivative, geometric 

meaning and growing up to the derivatives of the basic functions. The rules of the 

derivatives are presented in some details so as the reader can be easily familiar with 

the different rules of derivatives. 

Keywords: Derivatives, domain, elementary basic functions, range. 

 

1. DEFINITION OF DERIVATIVE 

The first derivative of any function  xf  is defined as [19]: 

 
   

x

xfxxf
xf

x 




 0

/ lim                                  (1) 

The fraction in the right hand side is sometimes called Fermat’s difference 

quotient [20]. 

Example 

Find the first derivative for   2xxf    

Solution 

 
   

x

xfxxf
xf

x 








0

/ lim  
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 
  

x

xxx
xf

x 






22

0

/ lim  

 
 

x

x

xxxxx
xf

x

2

2
lim

222

0

/








  

Example 

Find the first derivative for   xxxf 33   at 2x . 

Solution 

By definition 

 
      

x

xxxxxx
xf

x 






33
lim

33

0

/  

  33 2/  xxf  

Then  

    9323
2/ xf  

2. RIGHT AND LEFT HAND DERIVATIVES 

A function  xf  is said to be differentiable at a point ax   if the right 

and the left-hand derivatives at this point are existed [21]. 
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Left-hand derivative 

   
h

afhaf
af

h








0

/ lim)(                (2) 

Right-hand derivative 

   
h

afhaf
af

h








0

/ lim)(             (3) 

Example 

Discuss the differentiability of the following function: 

 









22

2

2 xx

xx
xf   at 2x  

Solution 

Let us now evaluate both left and right hand derivatives respectively as 

follows: 

Left-hand derivative 

   

1
2

2
lim)2(

lim)(

0

/

0

/






















x

x
f

h

afhaf
af

h

h
 

Right-hand derivative 
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  CHAPTER 3 

Partial Differentiation and Their Applications 

Abstract: The basis of the partial derivatives is the basis of the partial differential 

equations and their wide applications. The chapter started from the basic definition 

of the partial derivative, geometric meaning and their rules. 

Keywords: Domain, range, elementary basic functions, functions of 

several variables, partial derivatives. 

 

1. INTRODUCTION 

In mathematics, a partial derivative of a function of several variables is its 

derivative with respect to one of those variables with the others held 

constant. The function  ,....., yxf  has a number of partial derivatives 

equals the number of its independent variables. The mathematical symbol 

of the partial derivative is 
 .


, for example the partial derivative of the 

function with respect to the independent variable x written as 
x

f



  [31].  

The basic formula for the first partial derivative is the same as in the total 

derivative, therefore, let us now define the basic formula for the first 

partial derivative for the function with respect to the independent variable 

x, as follows: 

http://en.wikipedia.org/wiki/Mathematics
http://en.wikipedia.org/wiki/Function_%28mathematics%29
http://en.wikipedia.org/wiki/Derivative
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 
   

x

yxfyxxf
yxf

x
x








,,
lim,

0
                (1) 

The same definition is for any other independent variable: 

 
   

y

yxfyyxf
yxf

y
y








,,
lim,

0
          (2) 

2. RULE FOR FINDING PARTIAL DERIVATIVES 

To find fx deal with other independent variables as constant and the same 

basic rule is still valid for all other independent variable.  

Example 

Using the basic definition of partial differentiation to find fx and fy for 

  2, xyyxf   

Solution 

By definition; 

 
 

2
2

0

22

0

lim

lim,

y
x

xy

x

xyyxx
yxf

x

x
x
















 

 
 

xy
y

yxy

y

xyyyx
yxf

y

y
y

2
2

lim

lim,

0

22

0















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The partial derivatives fx and fy are denoted by: 

 yxf
x

f x ,



  

 yxf
y

f y ,



  

Example 

Find the following partial derivatives. 

Find  1,2xf  and  1,2yf  given   2323 2, yyxxyxf   

Solution 

Holding y constant and differentiating with respect to x , we get 

  32 23, xyxyxf x   and  

So 

 

16

231,2 32



 xyxyxf x  

Holding x constant and differentiating with respect to y, we get 

  yyxyxf y 43, 22   

So 

  81,2  yxf y  
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  CHAPTER 4 

Fundamentals of Equations and Equation 
Theory 

Abstract: Equations arise in different branches of mathematics, and so the need of 

dealing with theory of equations as a separate topic of mathematics. In this chapter, 

the theory of equations are described and explained well and in a brief details. 

Operations related to equations and transformations are also explained well with 

detailed examples. 

Keywords: Cubic equation, roots of polynomials, remainder theory, 

synthetic division, theory of equations, transformations of equations. 

 

1. INTRODUCTION 

Let us start the subject of theory of equations by asking our-self the 

following question: What does it mean by a polynomial of degree " n " 

[38]?  

  2 3

1 2 3

n

o nP x a a x a x a x a x        (1) 

is called a polynomial of degree n . 

Example 

2 42 3 3 4 0x x x     

And 
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0
3

1
23  xx  

The coefficients 1 2, , , ,o na a a a  may be complex, such as: 

0834  xix  

Different types of polynomials given below, as shown in Table 1; 

Table (1). Types of polynomials. 

n  Type Example 

0 Const.nt   oaxP   

1 Linear   xaaxP o 1  

2 Quad.atic   2

21 xaxaaxP o   

3 Cubic   3

3

2

21 xaxaxaaxP o   

 

2. A POLYNOMIAL ROOTS 

An algebraic equation of degree n  of the form (1) has exactly n  roots. 

These roots may be real, complex distinct or repeated [39]. 

3. THEOREM OF THE REMAINDER 

The Remainder Theorem is useful for evaluating polynomials at a given 

value of x. The Theorem talks about dividing the polynomial by some 

linear factor  ax  , where " a " is just some number. Then, thinking 

about the long division, you end up with some polynomial answer q(x) 

(for "quotient polynomial") and some polynomial remainder r(x) [40]. 
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Example 

Divide the polynomial p(x) = x3 – 7x – 6, by the linear factor x – 4: 

 

The final result is x2 + 4x + 9 on top (this is q(x)), and a remainder of 30. 

4. THE SYNTHETIC DIVISION 

Synthetic division is another way to divide a polynomial by the binomial 

x-c, where c is a constant [41]. The major steps can be stated as follow. 

Step 1: Set up the synthetic division 

Make sure first that you write it in descending powers and you put zero 

for the missing terms. For example, if you had the problem  

 

The polynomial 534  xx , starts out with the fourth degree. This 

polynomial is missing degrees three and two. We can now write the 

division as follows: 

 

Then 
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  CHAPTER 5 

Theory of Determinants and Matrices and 
their Applications in Linear Equation Theory 

Abstract: Determinants and matrices are very important subjects that are widely 

found in different branches and topics in mathematics. The present chapter deals 

with these two topics in some brief details starting the preliminary definitions of 

determinants and matrices, their properties. The linear system of equations from its 

mathematical constitution till different methods of solutions is also discussed in 

brief details. 

Keywords: Cofactors, determinants, elementary matrices, eigenvectors, 

Laplace expansion, minors, matrix operations. 

 

1. THE DETERMINANTS 

Consider the following system of two linear equations: 

011  ybxa   (1-a) 

022  ybxa   (1-b)  

Eliminating of x  and y  gives: 

2

2

1

1

b

a

x

y

b

a
   (2) 

01221  baba   (3) 
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or 

22

11

ba

ba
   (4) 

Equation (4) is called a determinant of second order [47]. Generally the 

determinant of order n is written as: 

nnnnn ldcba

ldcba

ldcba

.....

................................................................

.....

.....

22222

11111

     (5) 

The diagonal which contains the elements, nlcba ,........,,, 321  is called 

the major, leading or principal diagonal. 

2. SOME FUNDAMENTALS 

2.1. The Minor 

Each element ib any determinant has a minor. This minor is obtained by 

deleting the row and the column corresponding to that element [48]. 

Consider the following determinant:   

333

222

111

cba

cba

cba

                (6) 

The minor of 3b  is: 

22

11

3
ca

ca
B    (7)  



182  Higher Mathematics for Science, Technology and Engineering                      S. G. Ahmed 

2.2. The Cofactor 

The cofactor is a minor determinant corresponding to any element of the 

whole determinant, taking the sign rule into consideration. The sign of an 

element is the ith row and jth column is   ji
1 . The cofactor of an 

element is usually denoted by the corresponding capital letter.  

2.3. The Laplace Expansion 

Laplace expansion is a method to evaluate any determinant. The 

determinant can be expanded in terms of any row (or column) as follows: 

"Multiply each element of the row (or column) by its cofactor and then 

add up all these terms" [49]. 

Expand the determinant given in (6), by the first row: 

33

22

1

33

22

1

33

22

1
ba

ba
c

ca

ca
b

cb

cb
a    (8) 

Thus,   is the sum of all products of the elements of any row (or 

column) by the corresponding cofactors. 

Example 

Evaluate the following determinant: 

108

312

531

A  

Solution 

Expand through the first row: 
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  CHAPTER 6 

Partial Fractions 

Abstract: Partial fractions encountered within theoretical and applied problems. 

Also, the partial fractions are good mathematical tools when solving complicated 

integrals. The main usage of the partial fractions can be considered as a simplified 

mathematical tool. 

Keywords: Fraction decomposition, rational fractions. 

 

1. INTRODUCTION 

In algebra, the partial fraction decomposition or partial fraction 

expansion is used to reduce the degree of either the numerator or the 

denominator of a rational function.  Partial fractions are used in 

calculating the inverse of transforms; such as the Laplace transform, or 

the Z-transform [55]. 

2. DEFINITION OF THE PROPER FRACTION 

A FUNCTION OF THE FOLLOWING FORM [56]:  

01

2

2

1

1 ....)( axaxaxaxaxp n

n

n

n

n

n  





                  (1) 

Where 0121  and,........,,, aaaaa nnn  are constants and n is a positive integer, 

is said to be a polynomial in x in degree n., e.g. 725)( 2  xxxp  is 

a polynomial of second degree. 

3. RATIONAL FRACTION 

A rational function is a quotient polynomial function, that is [57],  

http://en.wikipedia.org/wiki/Algebra
http://en.wikipedia.org/wiki/Degree_of_a_polynomial
http://en.wikipedia.org/wiki/Rational_function
http://en.wikipedia.org/wiki/Laplace_transform
http://en.wikipedia.org/wiki/Z-transform
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)(

)(
)(

xQ

xP
xf                                              (2) 

Where )(xP and )(xQ are two polynomials in x. 

For example: 

12

3
)(

2

4






xx

x
xf  

is a rational function. A rational function is improper if the degree of the 

numerator is greater than the denominator and other wise is proper. 

Example 

Consider the following two fractions: 

(1) 
4-7xx

1-3x
23

2


   

(2) 
23xx

9-6x2x
2

23




  

The first one is a proper fraction because the maximum degree of the 

numerator is less than the maximum degree of the denominator. The 

second one is an improper fraction, as the degree of numerator is larger 

than the degree of the denominator. To reduce an improper fraction to a 

proper one, the numerator is divided by the denominator. 

The result of this process is 

 132 x  



228  Higher Mathematics for Science, Technology and Engineering                      S. G. Ahmed 

And a reminder 














23

3332
2 xx

x
 

Which is in fact a proper fraction as the degree of the numerator is 

smaller than the degree of denominator. 

23x

33-32x
12 2x  

23

962
22

23








xxx

xx
 

FINDING ROOTS OF THE DENOMINATOR IN A FRACTIONAL 

FUNCTION 

The most important step in partial fraction is to find the roots of the 

denominator. Here are some examples. 

Example 

)1)(2)(2(

4

)1)(4(

4
2 








xxx

x

xx

x
 

Example 

Expand the denominator in  

)1)(1)(1)(1(

5

)1)(1(

5

1

5

22

336















xxxxxx

x

xx

x

x

x
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Example  

)4)(2)(2(

8

)4)(4(

8

)16(

8

2

224















xxxx

x

xxx

x

xx

x

 

Example 

 
1)-7)(2x(x

4x
  

7-x13

4x
2 








x
 

PARTIAL FRACTIONS 

Case of Linear Denominators 

In the case the denominator p(x) is a multinomial function (i.e. a function 

of xn with many elements) and it is possible to split this function into 

several linear factors. In this case the rational function writes: 

 
 

 
    

n

n

n

xx

A

xx

A

xx

A

xxxxxx

xf

xp

xf













......

.....

2

2

1

1

21
                                  (3) 

The coefficients A1, A2,…An  are evaluated as follows 

First Method 

1-Reduce equation (3) into the same denominator: 
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    

    

    121

312

321

........

.....

........

........







nn

n

n

xxxxxxA

xxxxxxA

xxxxxxA

                              (4) 

2-Equate x=x1 in eq.(4), gives A1 = f(x)/(x-x2) (x-x3)..(x-xn) 

Equate x=x2 in eq.(4), gives A2 = f(x)/ (x-x1) (x-x3).. (x-xn) 

Similarly for the coefficients A3, A4,….An 

Second Method 

The coefficients are evaluated directly as : 

 

 

 
))...()((

lim

.....

))...()((
lim

))...()((
lim

121

31

2

32

1

2

1

















n
xx

n

n
xx

n
xx

xxxxxx

xf
A

xxxxxx

xf
A

xxxxxx

xf
A

n

                            (5) 

Example 

Expand the function 
713

4
2 



xx

x
 

Solution 

The function 
713

4
2 



xx

x
is a proper fraction and is expanded as 
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   127127

4

713

4
2
















x

B

x

A

xx

x

xx

x

             (a-1)  

Evaluation of the coefficients A and B 

First method 

Reduce equation (a-1) to the same denominator 

    4712  xxBxA  

at x=1/2          B(1/2+7) =1/2+4 

Get      

B=9/15 

At x=-7   A[2(-7)-1]=-7+4 

A(-15)  = -3,  

We get 

A= 1/5 

Hence 

12

1

15

9

7

1

5

1

713

4
2 









xxxx

x
 

Second method 
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  

127

127

4

713

4
2
















x

B

x

A

xx

x

xx

x

 

7

1

2

4
lim

2 1

7 4

15

1

5

4
lim

7

1
4

92
1 15

7
2

x

x

x
A

x

x
B

x










 













 



 

Both results are the same.  

Example 

Find the partial fraction expansion of 

)23)(12(x

625x-7x
2

2





xx
                        (a-1) 

Solution 

Roots of 
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(x2-2x-1)(3x-2)=0  

3/2

23

2

21

111

012

1

3

2,1

2















x

ox

parenthisSecond

x

xx

parenthisFirst

               

              (a-2)  

Expand the fraction into partial fractions 

23)12(

)23)(12(x

625x-7x
 

2

2

2













x

C

xx

BAx

xx
                   (a-3) 

Notice that the quadratic denominator is kept as x1,2 are irrational roots. 

The coefficient of the second term is: 

4

)12(x

625x-7x
   limC 

2

2

3

2
x








 x  

Then reduce equation (a-1) to the same denominator 

(Ax+B) (3x-2) + C(x2 – 2x-1) = 7x2 – 25x + 6 

Equate coefficients of different powers of x 
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Coefficient  x2   3A + C = 7 

Replace for C = 4    3A = 3  

A = 1 

Coefficient of x1  3B – 2A – 2C = -25 

        3B = -15 

we get                         

B = -5 

Replace for A,B and C in eq.(a-1) 

2x3

4

1x2x

5x

)2x3)(1x(

6x25x7
22

2












 

RATIONAL FUNCTIONS WITH REPEATED LINEAR 

DENOMINATOR 

 

     n

n

n
bax

A

bax

A

bax

A

bax

xf











.....

2

21        (6) 

The coefficients A1,A2,….An are evaluated by one of the two methods: 

First method 

Eq.(6) is reduced to the same denominator (ax+b)n 

A1(ax+b)n-1+ A1(ax+b)n-1+….+An =f(x)                       (7) 

The coefficients of x0, x1 , x2 , ….xn-1 are equated in both sides od eq.(7) . 
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This results in a system of (n) equations in the  

unknown A1, A2,….An , which are solved subsequently. 

Second method 

Is known as Heaviside method, where the coefficients A1, A2,….An  are 

evaluated in a descending order according to the following formulas 

 

 

 

 
 xf

dx

d

n
A

xf
dx

d
A

xf
dx

d
A

xfA

n

n

abx
n

abx
n

abx
n

abx
n

!1

1
lim

..

!2

1
lim

lim

lim

/

2

2

/

/
1

/



















       (8) 

Example 

Express 
3

2

2)(x

15-4x-x


 in a partial fraction form 

Solution 

323

2

)2x(

C

)2x(

B

)2x(

A

)2x(

15x4x













                   (a-1) 

where A, B, C are calculated using Heaviside method  

)154 x(
dx

d

2!

1
  lim  2

22x



xA                 (a-2) 
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1  
2!

2
 limA 

2x



                                          (a-3) 

84x2lim)x(f
dx

d
  lim B

2x2x



                      (a-4) 

315-4(-2)- (-2)f(x) lim  2

2x



C                            (a-5) 

Replace for A, B, C in the original function: 

323

2

)2x(

3

)2x(

8

2x

1

2)(x

15-4x-x
 











                 (a-6) 

Another method of solution 

2 -y     then x 2, x y  let   
2)(x

15-4x-x
 

3

2




                   (b-1) 

32

32

3

2

3

2

3

2

)2(

3

)2(

8

2

1

381

38

15)2(4)2(

2)(x

15-4x-x
 





















xxx

yyy

y

yy

y

yy

                       (b-2) 

which is the result obtained previously. 

 



Partial Fractions                   Higher Mathematics for Science, Technology and Engineering  237 

Example 

2x

D

2)-(x

C

x

B

x

A
 

2)-(xx

2x6x
2222

2





 

Solution 

Heaviside method is used  

Roots of the denominator x2(x-2)2=0 

The roots x = 0, x = 2 are double  

22

2

0x 2-

2
 

2)-(x

26x
  lim  






x
A                             (c-1) 

2

1
  A                                 (c-2) 

Similarly  

30

4

2

0

20x

2)-(x

)(22)-(x)(xf
lim

2)-(x

)2)((22)-(x)(xf
lim

2)-(x

f(x)
 

dx

d
  lim  

xf

xxf

B

x

x















                            (c-3) 

    62',262  xxfxxxfwhere  

we get 
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1
2-

2-(-6)(-2)
  B

3

2

                              (c-4) 

2

3

4

6-

4

)2(f

x

f(x)
  lim C

22x





                     (c-5) 

1
8

)6(2)2)(2(

2

)2(2(2).2f

x

)(2(x).xf
lim

x

)(2(x).xf
lim

x

f(x)
 

dx

d
  lim  

3

32

4

2

2

22x























f

xf

xxf

D

x

x

                                  (c-6) 

Replace for A, B, C, D in the original equation 

)2x(

1

)2x(2

3

x

1

x2

1

2)-(xx

26x-x
 

2222

2








               (c-7) 

Example  

Express in partial fraction 

)3x(

C

)3x(

B

)1x(

A

)3x)(1x(

23x7x2
22

2













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Solution 

2
16

32

(4)

2372

3)-(x

237x2x
lim  A

22

2

1x









               (d-1) 

By Heaviside method  

5

4-

23-21-18
 

4-

237.3-2.9

1)-(x

237x2x
  lim  

2

3x












B

                             (d-2) 

1)-(x

f(x)-1)-(x)(xf
 lim

1)-(x

f(x)
 

dx

d
  lim  

3

3x










x

C

                                  (d-3) 

Where 

f (x) = 2x2 + 7x + 23                             (d-4) 

f (-3)=2.9-7.3 + 23 = 20                             (d-5) 

f (x)=4x + 7                              (d-6) 

f (-3) = 12+7 = -5                             (d-7) 
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0
4

20)4)(5(

4-

(-3)-(-3)(-4)f
  C 







                      (d-8) 

Replace for A,B,C, and D in the original function; 

22

2

)3x(

5

1x

2

)3x)(1x(

23x7x2










                        (d-9) 

CASE OF A QUADRATIC FACTOR IN THE DENOMINATOR 

 
 

 
      1

2

1

2 xx

C

cbxax

BAx

xxcbxax

xf

xp

xf










              (9) 

In this case C is evaluated by : 

cbxax

xf
C

xx 


 2

)(
lim

1

                              (10) 

And A, B are obtained from the reduction of equation (4) to the same 

denominator; and the comparison of the coefficients of x0, x1,..xn on both 

sides of the following equation: 

(Ax+B)(x-x1) + C( ax2+bx+c) = f(x)                 (11) 

Example 

Expand in a partial fraction form 

6

284
24

2





xx

x
                              (a-1) 
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Solution 

23

)2)(3(

284

6

284

22

22

2

24

2




















x

DCx

x

BAx

xx

x

xx

x

                        (a-2) 

Reduce eq. (a-2) to the same denominator  

(Ax-B)(x2-2)+(Cx+D)(x2+3)= 4 x2-28 

Equate 

Coefficient  of x3 A+C= 0 A= -C                          (a-3) 

Coefficient of x2 B+D= 4 D=4-B                          (a-4) 

Coefficient of x -2A +3C = 0           (a-5) 

Replace for A=-C get 5C = 0  A=C=0                     (a-6) 

Coefficient of xo - 2B+3D= -28           (a-7) 

Solving:  

5D= -20  D= -4                             (a-8) 

B=8                         (a-9) 

Replace for A,B,C and D, we get: 
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2x

4

3x

8

6xx

28x4
2224

2










                           (a-10) 

RATIONAL FUNCTION WITH REPEATED QUADRATIC ROOTS  

 
 

 

 

     k
kk

k

cbxax

BxA

cbxax

BxA

cbxax

BxA

cbxax

xf

xp

xf



















222

22

2

11

2

......

           (12) 

Example (12) 

Find the partial fraction for 
)9x)(1x(

3x10x2
2

2




 

Solution 

Let the denominator 

2x3 + 10x – 3 = f(x)                             (a-1) 

3x

C

3x

B

1x

A

)91)(x(x

f(x)
2 










                     (a-2) 

Get A, B and C as follows 

8

1

8-

11-

9-1

3-10-2(1)
 

9)-(x

f(x)
  lim  A

21x



                 (a-3) 

 
8

5

4.6

3-10x332.
 

3)1)(x(x

3-10x2x
  lim  

22

3x











B                    (a-4) 
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Similarly C is evaluated  

8

5-

3)-1)(-3-(-3

3-0(-3)12.(3)
  

3)-1)(x-(x

3-10x2x
  lim  

22

3x









C                (a-5) 

3

8/5

3-x

5/8

1x

1/8
 

9)-1)(x(x

3-10x2x
2

2











x
         (a-6) 

Example 

Express 
1xxx

1
23 

 as partial fractions 

Solution 

)1()1(

1

)1)(1(

1

)1()1(

1
222 





 xxxxxxx

             (b-1) 

This form is the first step to express fraction in a partial fraction form. It 

is required to complete the solution.  

Example  

Find partial fraction Decomposition of 

 )2( )1(

53
)(

x-x

x
xf




  

Solution 

  )2(  )1(
 

 )2( )1(

53











x

B

x

A

x-x

x
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Reducing to the common denominator and equating the numerator, we 

have: 

)1(2)-A(x53  xBx  

There are two methods to find the value of A and B: 

Method (1) 

Put x=1 in the above equation, we get: 

2)-A(15)1(3   , 2A  

Put x=2 in the above equation also, we get: 

)-B()( 12523   , 1B  

Method (2) 

Equating the coefficients of 01  and xx (absolute term), we get  

a system of equations for determining the unknown coefficients:  

BA3  , and BA 25 ,  

then solving this system of equations, we get: 

1  and,2  BA  

  )2(

1

  )1(

2
 

 )2( )1(

53












xxx-x

x
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Example  

Find partial fraction Decomposition of 

 7132

4
)(

2 




xx

x
xf  

Solution 

)12)(7(

4

 7132

4
)(

2 









xx

x

xx

x
xf  

 )12( )7( 





x

B

x

A
 

Reducing to the common denominator and equating the numerator, we 

have: 

)B(x)x-A(x 7124   

At  
2

1
x       

















 4

2

1
7

2

1
B  , 

15

9
B  

At  7x         471)7(2 A  , 
5

1
A  

)12(

15

9

)7(

5

1

 7132

4
2 










xxxx

x
 

Example  

Find partial fraction Decomposition 
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 )2( )1(

2
)(

3

2

x-x

x
xf




  

Solution 

  )2(  )1(

  )1(  )1(
 

 )2( )1(

2

2

2

1

33

2

















x

B

x

A

x

A

x

A

x-x

x

 

Reducing to the common denominator and equating the numerator we 

have: 

32

2

1

2

)1()2()1(

2)-)(x1(2)-A(x2)(





xBxxA

xAx
 

Equating the coefficients of 023  and,,, xxxx (absolute term), we get a 

system of equations for determining the unknown coefficients,  

 9

2
  and,

9

2
 ,

  3

1
 ,1 21 


 BAAA . 

  )29(

2

  )19(

2

  )13(

1

  )1(

1
 

 )2( )1(

2
233

2



















xx

xxx-x

x

     

Example 

Express 
)1(

622
3

234





x

-xx-xx
 as the sum of partial fractions  
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Solution 

First step is to reduce the given fraction to a proper one by division  

)1(

)22(
)2(

)1(

622
3

2

3

234










x

x
x

x

-xx-xx
 

Second step is to reduce the decompose )1(x3  to simpler form, i.e., 

)1()1()1( 23  xxxx  

Now we have 

)1)(1(

)2(2
)2(

)1(

622
2

2

3

234










xxx

x
x

x

-xx-xx
 

i.e., we have to reduce the term   

)1)(1(

)2(2
2

2





xxx

x
 

to its partial fractions , i.e.,  

)1()1()1)(1(

)2(2
22

2













xx

CBx

x

A

xxx

x
 

Or 

  )1()1()2(2 22  xCBxxxAx  

To obtain A, put x=1 in the above equation, then; 2A .  
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Coeff. of 
0x , give A-C4 , then 2-C   

Coeff. of 
1x , give CA-B 0 , then 0B  

)1(

2

)1(

2

)1)(1(

)2(2
22

2











xxxxxx

x
 




















)1(

1

)1(

1
2)2(

)1(

622
23

234

xxx
x

x

-xx-xx
 

Example 

Express 

)1()32(

812114
22

234





xxx

xxxx
 

as the sum of partial fractions 

Solution 

Decompose the fraction into partial fractions 

1)32()32(

)1()32(

812114

222

22

234


















x

E

xx

DCx

xx

BAx

xxx

xxxx

 

Where 

  )1(812114 234  xBAxxxxx       

    222 )32(1)32(  xxExxxDCx Combining the above 
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indicated methods of determining coefficients, we find: 

To obtain E, put 1x  in the above equation, then: 

1E .  

Coeff. of 
4x , give EC 1   

Coeff. of 
3x , give EDC 434   

Coeff. of
2x , give EDCA 103511   

Coeff. of 
1x , give  

EDCBA 125312   

Coeff. of
0x , give EDB 938   

Then solving this system of equations, we get: 

1A , 1B , 0C , 0D , and 1E . 

Therefore; 

)1()32(

812114
22

234





xxx

xxxx

1

1

)32(

1
22 







xxx

x
 

Example 

Find the partial fraction expansion of 

)2)(312(

6257
2

2





xxx

x-x
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Solution 

)2(3)12()2)(312(

6257
22

2













x

C

xx

BAx

xxx

x-x
 

Where 

  )12C()2(36257 22  xxxBAxx-x Equate coefficients of 

different powers of x , we find:  

Coef. of 
2x , give 73 CA  

Coef. of
1x , give 25232  CBA    

Coef. of
0x , give 62  CB  

Then solving this system of equations, we get : 1A , 5B , and 

4C  

)2(3

4

)12(

5

)2)(312(

6257
22

2














xxx

x

xxx

x-x
 

SUPPLEMENTARY PROBLEMS 

FIND PARTIAL FRACTION DECOMPOSITION OF THE 

FOLLOWING RATIONAL FRACTIONS:   

(1) 
2)-1)(x-(x

 1-2x 
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(2) 
5)3)(x1)(x(x

x


 

(3) 
12)7x-(x

2
2 

x
 

(4)  
12)x-(x

22
2 

x
    

(5) 
4)-(x

x
2

2

 

(6) 
2xx

45x
2 


 

(7) 
2)1)(x-(x

x
2

4


 

(8) 
31)x(x

23x



  

(9) 
1)x(x

1
2 

                                

(10) 
5)2x-1)(x-(x

332
2

2



 xx  

(11) 
1x

1
3 

 

(12)  
44xxx

7-3x
23 
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(13) 
22

3

2)(x

1xx




                                

(14) 
1)x-x)(x-(x

1
22 

 

(15) 
22

234

2)x(x

862x



 xxx
    

(16)  
31415x

1204245
2

23





x

xxx
 

(17)  
 65x)1(

1310
2

23





xx

xx
 

(18)  
1x-x

1
23  x

 

(19)  
12x7x

2x
2 


 

(20) 
6

1112
2 



xx

x
 

(21) 
2x3x2

x8
2 


 

(22) 
4x

x
2

3


  

(23) 
3

2

)2(

983





x

xx
                



Partial Fractions                   Higher Mathematics for Science, Technology and Engineering  253 

(24) 
22

23

)3x(x

27x27x10x3




 

(25) 
)1x)(6xx(

21x8x5
2

2




 

(26) 
x2xx

2x7
23 


  

(27) 
22

3

)4x(

x


 

(28) 
22

24

)1x)(1x(

1xx3x




 

(29) 
)1x)(4x(

3xx2
22

3




                       

(30) 
22

23

)2x2x(

5x20x16x7




 

(31) 
)6x5x)(1x(

13x10x
2

2




                   

(32) 
)5x2x)(3x(

5x11x2
2

2




  

(33) 
15x11x12

x1346
2 


 

(34) 
  2

21

9

 xx
 



254  Higher Mathematics for Science, Technology and Engineering                      S. G. Ahmed 

(35) 
22 1651

17

xx

x




 

(36) 
   31

1033
2

234





xx

xxx
 

(37) 
  32

23

11

565





xx

xxx
 

(38) 
 4

23

1

1083





x

xx
 

(39) 
  651

1310
2

3





xxx

xx
 

(40) 
  321

32 23





xxx

xxx
 

(41) 
2)-1)(x-(x

 1-2x 
 

(42) 
5)3)(x1)(x(x

x


 

(43) 
12)7x-(x

2
2 

x
 

(44)  
12)x-(x

22
2 

x
    

(45) 
4)-(x

x
2

2

 



Partial Fractions                   Higher Mathematics for Science, Technology and Engineering  255 

(46) 
2xx

45x
2 


 

(47) 
2)1)(x-(x

x
2

4


 

(48) 
31)x(x

23x



  

(49) 
1)x(x

1
2 

                                

(50) 
5)2x-1)(x-(x

332
2

2



 xx  

(51) 
1x

1
3 

 

(52)  
44xxx

7-3x
23 

 

(53) 
22

3

2)(x

1xx




                                

(54) 
1)x-x)(x-(x

1
22 

 

(55) 
22

234

2)x(x

862x



 xxx
    

(56)  
31415x

1204245
2

23





x

xxx
 



256  Higher Mathematics for Science, Technology and Engineering                      S. G. Ahmed 

(57)  
 65x)1(

1310
2

23





xx

xx
 

(58)  
1x-x

1
23  x

 

(58)  
12x7x

2x
2 


 

(59) 
6

1112
2 



xx

x
 

(60) 
2x3x2

x8
2 


 

(61) 
4x

x
2

3


  

(62) 
3

2

)2(

983





x

xx
                

(63) 
22

23

)3x(x

27x27x10x3




 



       Higher Mathematics for Science, Technology and Engineering, 2016, 257-289 257 

S. G. Ahmed  

All right reserved-© 2016 Bentham Science Publishers 

  CHAPTER 7 

Vector Differential and Integral Calculus 

Abstract: The topics vector differential and integral calculus arise in many 

practical and engineering applications. This chapter concerns mainly with these 

topics but few revision on the basis of vectors is introduced. Scalar and vector 

functions are also introduced due to their importance in numerical analysis. 

Keywords: Inner product of vectors, scalar function, vector definition, 

vector product, vector function. 

1. VECTORS QUANTITIES 

A vector describes a physical quantity, such as displacement velocity and 

acceleration. It is represented by a bold letter V, or V We will describe in 

this chapter operations like, addition subtraction, multiplication of vector 

(dot and cross products). A direction and a magnitude describes a vector. 

Fig. (1) shows 


BA&  are two vectors with different magnitude and 

direction. 

 

 

 

Fig. (1). &A B
 

 are two vectors with different magnitude and direction. 

1.1.  Vector Definition 

A vector is a quantity that is determined by both its magnitude and 

direction. The vector may describes a physical quantity, such as 

displacement velocity and acceleration [58]. 



A  

B  
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1.2. Vector Length 

The length (Magnitude) of the vector a  is also called the norm (or 

Euclidean norm) of the vector a  and is denoted BY a . 

1.3. Equality of Vectors 

Two vectors 


BA& are said to be equal if they have the same magnitude 

and direction. 

2. COMPONENTS OF UNIT VECTOR 

Any vector has a three components associated with the principle axes as 

follow [59]: 

     1,0,00,1,00,0,1  kji               (1) 

These unit vectors are shown in Fig. (2), with coordinates on the axes. 

 

 

Fig. (2). Unit vector and its components. 
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3. SPECIAL TYPES OF VECTORS 

3.1. Zero – Null – Vector 

It is a vector having no direction and zero magnitude and denoted by the 

symbol O. 

3.2. Proper Vector 

The proper vector is defined as any vector of any magnitude differs from 

zero and have defined direction 

3.3. Position Vector 

A Cartesian coordinate system being given, the position vector r  of a 

point  zyxA ,,:  is the vector with the origin  0,0,0  as the initial point 

and  zyxA ,,:  as the terminal point. Thus  zyxr ,,:  

4. GEOMETRICAL ADDITION AND SUBTRACTION OF 

VECTORS 

To deal with vectors, it is very important to be in a good understanding 

well the geometric interpretation of the vector, and then we can move 

after that to addition, subtraction, and multiplication [60]. Let us refer to 

Fig. (3), and assume that we have two vectors OA  and AB  

 

 

Fig. (3). The position vector and its components. 
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Fig. (4). Vectors addition. 

In Fig. (4), the vector OB is the resultant vector of the two vectors OA  

and AB , respectively. Mathematically, this can be written as: 

ABOAOB                    (2) 

Equation (3), represents the addition of two vectors. Let us now turn to 

the subtraction of the same two vectors but in this case, the direction of 

the two vectors will be opposite to each other, see Fig. (5), then the vector 

OB will represents the subtraction of the two vectors.  

 

 

 

 

Fig. (5). Vector subtraction. 

Mathematically, this subtraction will be written as: 

BAOAOB                    (3) 

O  A 

B 

OA  

AB  

OB  

O  A 

B 

OA  

BA  

OB  
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Theorem 

The commutative and associative laws holds for addition of any number 

of vectors. 

To understand the concept of the commutative and associative laws, let us 

refer back to Fig. (6) and have a look to the vectors OA  and AB , and 

written as a and b, then: 

 

 

 

 

Fig. (6). Addition of two vectors. 

baABOAOB                  (4) 

aOACB

bABOC




        (5) 

Thus 

abCBOCOB                  (6) 

Therefore 

abba              (7) 

From equations (6-8), one can prove the theorem. 

Refer to Fig. (7). 

cBD                  (8) 

Then 

O A 

C B 
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    cbaBDABOABDOBOD           (9) 

Also 

   cbaBDABOAADOAOD                (10) 

 

 

 

 

 

 

Fig. (7). Geometry of commutative and associative laws. 

 

5. MULTIPLICATION AND DIVISION OF A VECTOR BY 

SCALAR 

Multiplication of a vector by scalar can be defined as [61]: 

anna                     (11) 

To obtain unit vector, we divide the vector by its magnitude as follows: 

A

A
A ˆ                     (12) 

 

6. DIVISION OF A SEGMENT IN A GIVEN RATIO 

To divide any segment in a given ration, let us assume that we have two 

O B 

D 

A 
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position vectors a and b, as shown in Fig. (7), then it will be required to 

find another position vector r that will divides the straight line AB 

internally by the ration nm :  

 

 

 

 

Fig. (8). Division of a segment in a given ratio. 

Referring to Fig. (8), from the triangle OBR, one can write: 

RBOROB        

Or 

rbOROBRB                                 (13) 

And from the triangle OAR, we have: 

AROAOR        

Or 

arOAORAR                                 (14) 

Then we have: 

ARnRBm                                  (15) 

Making use of equations (13) and (14) into (15), one can get: 

   arnrbm   

O B 

A 

R 
m 

n 
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Therefore; 

0, 



 nm

nm

namb
r                                (16) 

7. COMPONENTS OF VECTORS 

In Cartesian coordinate system xyz , let the initial point be  111 ,, zyxP and 

the terminal point is  222 ,, zyxQ , therefore any vector between these 

two points will have three components as follows [62]: 

223

222

221

zza

yya

xxa







                    (17) 

These components can take the other following form: 

 321 ,, aaaa                      (18) 

In terms of these components, the magnitude of the vector will be: 

2

3

2

2

2

1 aaaa                                  (19) 

 

8. ALGEBRAIC VECTOR ADDITION 

Assume that we have two vectors, written in terms of their components 

 321 ,, aaaa  and  321 ,, bbbb , therefore: 

 332211 ,, babababa                   (20) 

 

9. BASIC PROPERTIES OF VECTOR ADDITION 

Assume that we have three vectors cba ,, , then the following properties 
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hold: 

abba                                    (21) 

   cbacba                                       (22) 

aaa  00                                                                         (23) 

  0 aa                                               (24) 

10. INNER (DOT) PRODUCT 

10.1. Inner Product in Terms of the Angle 

The dot product of two vectors is denoted by  . , therefore if we have two 

vectors ba, , then the dot product is given as [63]: 

cos. baba                     (25) 

Where   is the angle between the two vectors. 

Example 

Find the dot product for the following two vectors, a and b and the angle 

between them is 30 degree, given that their moduli are 6 and 9 

respectively. 

Solution 

The given data can be summarized as follow: 

1- Two vectors a andb  

2- The angle between the two vectors is 30 

3- The magnitude of the two vectors are 6 and 9 

Then: 
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327

30cos96cos.



 baba
 

10.2. Inner Product in Terms of their Components 

Assume that the two vectors are given in terms of their components,  

 321 ,, aaaa  and  321 ,, bbbb , then the inner product can be written as: 

332211. babababa                    (26) 

11. VECTOR (CROSS) PRODUCT 

The cross product is completely differs from inner product starting from 

its mathematical symbol up to the final result. In the inner product leads 

to a scalar quantity while the vector product leads to another vector 

perpendicular to the plane containing the two vectors [64]. Assume that 

we have two vectors given in terms of their components  321 ,, aaaa  and 

 321 ,, bbbb , then: 

bac                     (27) 

Also 

sinbaba                     (28) 

And finally; 

321

321

bbb

aaa

kji

bac                   (29) 

 



Vector Differential                Higher Mathematics for Science, Technology and Engineering  267 

12. VECTOR AND SCALAR FUNCTIONS 

Vector calculus involves two types of functions, vector and scalar 

function [65]. 

12.1. Vector Function 

It is the function whose values are vectors; i.e, 

        pvpvpvpvv 321 ,,                       (30) 

depending on the points p in space. In applications, the domain of 

definition for such a function is a region of space or surface in space or a 

curve in space.  

 

We say that a vector function defines a vector field in that region. 

Examples are shown below in the following figure. In Fig. (9) three 

different examples of vector function, the field of tangent vectors of a 

curve, the field of normal vector of a surface and finally, the velocity of a 

rotating body [66]. 

 

Fig. (9). Vector function. 
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12.2. Scalar Function 

It is the function whose values are scalars; i.e, 

 pff                      (31) 

depending on the points p in space. 

A brief example of the scalar function is the distance  pf  of any point 

p  from a fixed point 0p  in space is a scalar function whose domain of 

definition is the whole space. 

Example 

f(p) Defines a scalar field in space. If we introduce a Cartesian coordinate 

system and 0p  has the coordinates  000 ,, zyx , then f  is given by the 

well-known formula: 

         2

0

2

0

2

0,, zzyyxxzyxfpf         (32) 

An important note is that the direction cosines of the line through p  and 

0p  are not scalar function because their values will depend on the 

choice of the coordinate system. 

Example 

At any instant the velocity vectors v(p) of a rotating body constitute a 

vector field, the so-called velocity field of the rotation. If we introduce a 

Cartesian coordinate system having the origin on the axis of rotation, 

then: 

 
 
 zkyjxiw

zyxw

rwzyxv







,,

,,

                           (33) 

 

Where  zyx ,,  are the coordinates of a point p at the instant under 

consideration. If the coordinates are such that the z-axis is the axis of 
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Vector Differential and Integral Calculus 

Abstract: The topics vector differential and integral calculus arise in many 

practical and engineering applications. This chapter concerns mainly with these 

topics but few revision on the basis of vectors is introduced. Scalar and vector 

functions are also introduced due to their importance in numerical analysis. 

Keywords: Inner product of vectors, scalar function, vector definition, 

vector product, vector function. 

1. VECTORS QUANTITIES 

A vector describes a physical quantity, such as displacement velocity and 

acceleration. It is represented by a bold letter V, or V We will describe in 

this chapter operations like, addition subtraction, multiplication of vector 

(dot and cross products). A direction and a magnitude describes a vector. 

Fig. (1) shows 


BA&  are two vectors with different magnitude and 

direction. 

 

 

 

Fig. (1). &A B
 

 are two vectors with different magnitude and direction. 

1.1.  Vector Definition 

A vector is a quantity that is determined by both its magnitude and 

direction. The vector may describes a physical quantity, such as 

displacement velocity and acceleration [58]. 



A  

B  
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1.2. Vector Length 

The length (Magnitude) of the vector a  is also called the norm (or 

Euclidean norm) of the vector a  and is denoted BY a . 

1.3. Equality of Vectors 

Two vectors 


BA& are said to be equal if they have the same magnitude 

and direction. 

2. COMPONENTS OF UNIT VECTOR 

Any vector has a three components associated with the principle axes as 

follow [59]: 

     1,0,00,1,00,0,1  kji               (1) 

These unit vectors are shown in Fig. (2), with coordinates on the axes. 

 

 

Fig. (2). Unit vector and its components. 
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3. SPECIAL TYPES OF VECTORS 

3.1. Zero – Null – Vector 

It is a vector having no direction and zero magnitude and denoted by the 

symbol O. 

3.2. Proper Vector 

The proper vector is defined as any vector of any magnitude differs from 

zero and have defined direction 

3.3. Position Vector 

A Cartesian coordinate system being given, the position vector r  of a 

point  zyxA ,,:  is the vector with the origin  0,0,0  as the initial point 

and  zyxA ,,:  as the terminal point. Thus  zyxr ,,:  

4. GEOMETRICAL ADDITION AND SUBTRACTION OF 

VECTORS 

To deal with vectors, it is very important to be in a good understanding 

well the geometric interpretation of the vector, and then we can move 

after that to addition, subtraction, and multiplication [60]. Let us refer to 

Fig. (3), and assume that we have two vectors OA  and AB  

 

 

Fig. (3). The position vector and its components. 
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  CHAPTER 8 

Special Functions 

Abstract: Special functions are mostly wide and found in different branches of 

practical and engineering problems. No one can cover all different types and 

classifications of such functions. In the present chapter, we will do our best to 

cover most and famous special functions. This study will cover main topics in each 

type starting from the basic definition, mathematical formula, properties and more. 

Keywords: Bessel functions, beta function, error function, Gamma function, 

Legendre polynomials, orthogonal property, Rodrige polynomials. 

 

1. INTRODUCTION 

The Gamma and Beta functions are two important special functions. The 

special function is defined as an integral or solution of differential 

equation. Defined as integral as in the case of Gamma and Beta functions, 

and defined as the solution of a differential equation as in the case of 

Bessel functions, Legendre and Rodrige polynomials. 

 

2. GAMMA FUNCTION 

Gamma function is one of the most important functions that simplifies 

evaluating integrals, which indeed, difficult to evaluate it analytically. 

Gamma function, mathematically, defined as [74]: 

  




0

1 dxxenxn                   (1) 
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If one integrate by parts, yields: 

 








































0

21

0
1

1 dxxenxn

x

x

xenxI          (2) 

In equation (2), the first term vanishes at both limits of integration, 

therefore, it becomes: 

 

 1

0

21




 

n

dxxenxnI
                           (3) 

Therefore, the gamma function takes the new form: 

     11  nnn       (4) 

From equation (4), it is clear that the gamma function is known 

throughout a unit interval, say; 21  n , then the values throughout the 

next interval are found, subsequently the next one and so on. The graph of 

gamma function is shown in Fig. (1). 

 

-4

-2

0

2

4

-4 -2 2 4
n

 

Fig. (1). Graph of gamma function. 
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3. VALUES OF GAMMA FUNCTION 

Values of gamma function differ according to the value of the variable n. 

This variable may take, positive, negative, fraction and or integer. Next, we 

will show how gamma function will be according to the corresponding value. 

3.1. Case (1) Positive Integer 

In this case, the gamma function takes the following formula: 

   !1 nn              (5) 

Example 

      24!4!155          (Ex1-1) 

3.2. Case (2) Positive or Negative Fraction 

In this case, two different formulas are used according to the sign of the 

variable n positive or negative. 

3.2.1. Case (2-1) Positive Fraction 

In this case, the gamma for a positive fraction evaluated according to the 

following formula: 

     11  nnn               (6) 

It is important to remember that we apply equation (6) to the fraction n 

till the value of n becomes in the interval 9.11.1  n , then make use of 

Table 1. 

Table (1). Tabulated values of Gamma function. 

n  1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 

 n  .951 .918 .898 .887 .886 .895 .905 .931 .962 
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  CHAPTER 9 

Real and Complex Fourier Series 

Abstract: Fourier series is one of the topics that used in function approximation, 

especially when it is recommended using series expansion instead of using the 

function it-self. But one may ask himself just simple question, is the Fourier series 

can be good alternative than the original function?. The answer is actually no and 

no one can say we can get accurate approximation for the function but we can say 

Fourier series is quite approximation for the function within specified period under 

prescribed conditions related to the function itself. 

Keywords: Complex Fourier Expansion. Fourier series, Half-Range 

Expansion, Odd and Even Function,  

 

1. INTRODUCTION 

Fourier series are series of cosine and sine terms and arise in the 

important practical task of representing general periodic functions. The 

theory of Fourier series is rather complicated, but the application of these 

series is simple. These series, named after the French physicist JOSEPH 

FOURIER (1768-1830) [91], are a very powerful tool in connection with 

various problems involving ordinary differential equations. In the present 

chapter, we shall discuss the basic concepts, facts and techniques in 

connection with Fourier series. 

 

2. PERIODIC FUNCTIONS 

A function  xf  is said to be periodic if and only if there exist a positive 
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number T such that for any x in the domain,    xfTxf   where T is 

called the Period of  xf , the graph of the function is shown in Fig. (1) 

[92]. 

 

 

 

 

 

 

 
 

Fig. (1). Saw tooth periodic function. 

 

Example (1) 

Find the period for the following function,   xxf cos  

Solution  

To find the period of the function   xxf cos , we apply the concept of 

the periodic functions. 

     

TxTxx

TxxTxfxf

sinsincoscoscos

coscos





 

To achieve this equation, the first term in the right hand side should 

reduce to xcos  while the second term should equal to zero. Therefore, 
21cos  TT  

Example (2) 

Find the period for the following function,   xxf sin  

Solution  

To find the period of the function   xxf sin , we apply the concept of 

the periodic functions. 

sin x = sin x cos T – cos x sin T 

To achieve this equation, the first term in the right hand side should 
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reduce to cos x while the second term should equal to zero. Therefore, 
21cos  TT  

Example (3) 

Graph the following periodic functions: 

 













10

01

xk

xk

xf

 With period 2T  

Solution  

The graph of the given function is shown in the Fig. (2) below, taking into 

consideration that the periodic function repeats its-self each period. 

3. FOURIER SERIES 

Fourier series arise from the practical task of representing a given 

periodic function in terms of sine and cosine functions. A periodic 

function  xf  with period 2T  can be represented by a trigono- 

metric series, called Fourier series as follows [93]: 

  














1

sincos
n

nno

xn
b

xn
aaxf





                       (1) 

The coefficients that appear in the above expansion are called Euler 

coefficients, which are unknown. 

The first coefficient oa  can be determined according to the following 

procedure. 

Determination of oa  

Integrate both sides of the above series, as follows: 
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  Sine 354, 357, 368 
  Sine Series 355 
Fraction 52, 95, 226, 227, 228, 230, 233, 

243, 248, 292, 293 
   improper 227 
   positive 292, 293 
   proper 226, 227, 228, 230 
Fraction decomposition 226, 243, 245, 

250 
Functional relations 43 
Function 8, 10, 12, 14, 15, 16, 17, 41, 55, 

76, 79, 81, 226, 227, 229, 229, 234, 

236, 240, 242, 257, 267, 268, 269, 
333, 342, 360 

   defined 8 
   differentiable 55, 79, 81, 269 
   explicit 76, 360 
   implicit 76 
   inverse 14, 15, 16, 17 
   multinomial 229 
   one-to-one 14 
   original 15, 236, 240, 342 
   quadratic 10, 12 
   rational 41, 226, 227, 229, 234, 242 
   scalar 257, 267, 268 
   weight 333 
 
G 
 
Gamma and beta functions 290, 302 
Gamma function, graph of 291 
Gauss divergence theorem 280, 281 
Geometric point 6 
Graph 17, 18, 21, 22, 23 
  consine function 22 
  of cosine function 22 
  of exponential function 17 
  of logarithmic function 18 
  of sine function 21 
  of tangent function 23 
Green’s Theorem 273, 275 
 
H 
 
Half-range expansion 342, 356, 357 
  function 357 
Heat  equation 136 
Heaviside method 235, 237, 239 
Hyperbolic functions 31, 35, 73, 74 
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I 
 
Inner product in terms 265, 266 
Integral calculus 257 
Integration 291, 297, 322, 348 
Intersection 142, 143 
Inverse 24, 25, 26, 27, 28, 34, 35, 63, 64, 

74, 75 
  cosecant function 26, 27 
  cosine function 25 
  cotangent function 28 
  hyperbolic functions 34, 35, 74, 75 
  secant function 27 
  sine function 24 
  Sinh Function 74 
  tangent function 26 
  trigonometric functions 28, 24, 63, 64 
 
K 
 
Kronecker’s delta function 326 
 
L 
 
Laguerre 331. 332, 329, 330 
  differential equation 329 
  equation 332 
  generating function 331 
  polynomials 329, 330 
Laplace Expansion 180, 182, 222 
Laplace’s equation 115 
Legendre polynomials 325, 326, 327, 329 
Linear 10, 145, 146, 198, 211, 229 
  equations, system of 198, 211 
  factors 145, 146, 229 
  functions 10 
  homogeneous equations 211 
Logarithm 35, 67 
  function 67 

  function, corresponding 35 
Logarithmic function 17, 18, 19, 20, 33, 

67, 68, 87 
   common 67 
   natural 67 
 
M 
 
Mathematical point 6 
Matrices 180, 193, 204 
   elementary 180, 204 
   multiplication of 193 
Matrix 189, 191, 193, 194, 195, 196, 197, 

204, 205 
   cofactor 194, 195, 196, 197 
   elementary 204, 205 
   first 191 
   symmetric 189, 193 
Matrix of multiplication 191, 192 
Multiplication of equations 303, 319 
 
N 
 
Negative fraction 292, 293 
Negative roots 154, 155, 156, 157 
Numerical values of error function 306 
 
O 
 
Odd and even function 6, 7, 31, 342 
Odd periodic function 359 
Order derivatives 89, 90, 119, 120 
   first 119, 120 
   second 119, 120 
Order partial derivatives 113, 141 
 
P 
Partial fraction 226, 235, 240, 243, 245, 

246, 248, 250  
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  decomposition 226, 243, 245, 250 
  form 235, 240, 243 
  sum of 246, 248 
Periodic functions 21, 342, 343, 344, 345, 

357, 363 
   given 344 
Perpendicular 283, 285 
Point 89, 90, 137, 259, 264, 289 
   interior 89, 90 
   saddle 137 
   terminal 259, 264, 286 
Point of expansion 89, 133 
Polynomial functions 10 
   linear 10 
Polynomial(s) 10, 90, 144, 145, 146, 151, 

154, 155, 156, 165, 166, 169, 170, 
174, 226, 227, 290, 325, 330 

  functions of degree 10 
  of degree 144 
  roots 144, 145 
   given 165, 169 
Positive constant 16 
Power function 16, 58 
Pressure, sound 94, 95, 96 
Problem 226, 305 
   applied 226 
   diffusion 305 
Product 257, 265, 266, 330 
   dot 265 
   inner 257, 266, 330 
Properties 21, 22, 23, 290, 313, 323, 326, 

329, 331, 352 
  orthogonal 290, 323, 326, 329, 331, 

352 
  of cosine function 22 
  of error function 313 
  of sine function 21 
  of tangent function 23 
 

Q 
 
Quantity, physical 257 
Quotient polynomial function 226 
 
R 
 
Rational fractions 226, 250 
Real numbers, positive 17, 18 
Reciprocals 160, 161 
Recurrence relations 319, 326, 331, 337 
Remainder 145, 146, 152, 153, 175, 176, 

228 
Remainder theory 144 
Rodrige polynomials 290 
Roots 10, 154, 155, 156, 157, 165, 166, 

167, 168, 169, 170, 171, 173, 233, 
332 

   irrational 165, 166, 233 
   positive 154, 155, 156, 157, 167, 171 
   real 10, 157, 173 
   repeated 170, 171, 332 
   required 167, 168, 169 
Roots being 178 
 
S 
Scalar and vector functions 257 
Schrödinger equation 329 
Series form of error function 306 
Signs, variations of 155 
Sine 20, 21, 22, 31 
 hyperbolic 31 
  function 20, 21, 22 
Single-valued function 5 
Solution 156, 210, 211 
   infinite number of 210, 211 
   negative 156 
   unique 210 
   zero positive 156 
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Solution of bessel 323 
Solution of equation 172, 174, 314, 325 
Solving problems 316, 326 
Solving system 195, 198 
Substitution, direct 38, 39, 88, 167, 171 
Supplementary problems 43, 99, 139, 174, 

222, 250, 282, 338, 366 
Surface integral 276, 277, 280 
Synthetic division 144, 146, 148, 150, 

152, 153, 165, 167, 168, 172 
 
T 
 
Tabulated values of gamma function 292 
Tangent function 23 
Taylor polynomial 90, 91, 92 
Taylor series 89, 90 
Transformations 144, 201, 204 
   elementary 201, 204 
Trigonometric functions 20, 23, 28, 59, 

60, 352 
   basic 59 
   complete inverse 28 
 
U 
 
Unit vector 258, 262, 277 
Use descartes’ rule 155, 157 
 
V 
 
Values 292, 293, 316, 360 
   corresponding 292, 360 
   special 293, 316 
Values of gamma function 292 
Variables 3, 5, 8, 9, 10, 41, 43, 81, 109, 

110, 113, 129, 130, 132, 360 
   dependent 3, 5, 9 

   independent 3, 5, 8, 9, 10, 41, 43, 81, 
109, 110, 113, 129, 130, 360 

   single 132 
Vector (s) 257, 258, 259, 260, 261, 262, 

263, 264, 265, 266, 267, 269, 270, 
271, 273, 275, 277, 279, 280, 281, 
283, 284, 285, 286, 287, 288, 289  

  calculus 267, 269 
  definition 257 
  differential 259, 261, 263, 265, 267, 

269, 270, 271, 273, 275, 277, 279, 
281, 283, 285, 287, 289 

  field 267, 268, 269, 270 
  function 257, 267, 271, 279, 280, 281, 

287, 288, 289 
  product 257, 266 
Vectors 259, 263, 267, 268, 276, 277, 278, 

280, 285 
   normal 267, 277, 278, 280 
   position 259, 263, 276, 285 
   proper 259 
   velocity 268, 278 
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